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Abstract

Multi-robot collision-free and deadlock-free navigation in cluttered environments with static and dynamic

obstacles is a fundamental problem for many real-world applications. Dynamic obstacles can additionally

be interactive, i.e., changing their behaviors depending on the behaviors of other objects. We focus on

decision making algorithms, with a particular emphasis on decentralized real-time trajectory planning, to

enable multi-robot navigation in such environments.

Practicality of the developed approaches is a central focus of ours, such that we design our systems and

algorithms under assumptions that can be realized in the real world. Central concerns of our treatment

are i) embracing on-board compute, memory, and storage limitations of robotic systems, ii) not relying on

communication for safe operation, and explicitly account for communication imperfections, iii) allowing

navigation with imperfect a priori knowledge, iv) embracing controller trajectory tracking errors and ac-

counting for them, v) working with minimal sensing and estimation capabilities, and vi) achieving highly

reactive collision avoidance behavior. We introduce i) two decentralized real-time multi robot trajectory

planning algorithms to allow static obstacle, interactive dynamic obstacle, and teammate avoidance, ii) a

constraint generation, overconstraining, and constraint-discarding scheme to ensure inter-robot collision

avoidance under asynchronous planning that is inherent in decentralized systems, which we use within

one of the proposed planners, and iii) a multi-robot aware planning and control stack that allows collision-

free and deadlock-free navigation in diverse types of environments, which combines three qualitatively

different decision making approaches in a hierarchical manner.

xvii



Chapter 1

Introduction

Collision-free (multi-)robot navigation in cluttered environments is a fundamental enabler for many appli-

cations, including autonomous driving [14], autonomous last-mile delivery [55], automated warehouses

with [42] and without [127] humans, automated intersectionmanagement [27], and robotic search and res-

cue [88]. The complexity of the navigation task in such applications varies: some contain multiple robots

to control, i.e., teammates, some contain no obstacles, while others contain static or dynamic obstacles.

Dynamic obstacles can be interactive, i.e., they may react to movements of other objects. As the environ-

ment clutter, i.e., the space occupied by static or dynamic obstacles or the number of robots, increases,

it becomes more and more challenging for teammates to navigate without collisions. In this dissertation,

we focus on decision making algorithms, with a particular emphasis on decentralized real-time trajectory

planning algorithms, to enable (multi-)robot navigation in cluttered environments with static and dynamic

obstacles, which can optionally be interactive.

When there are multiple robots to control, explicitly reasoning about inter-robot interactions during

decision making for cooperative navigation allows stronger inter-robot collision avoidance guarantees

compared to modeling teammates as non-cooperative entities. We categorize decision making approaches

for cooperative multi-robot collision-free navigation in two ways based on their i) deployments and ii)

planning horizons.
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Taxonomy Based on Deployment. The decision making approaches for cooperative multi-robot

collision-free navigation can be categorized into centralized and decentralized, differing in where they are

deployed. Centralized algorithms make navigation decisions for multiple robots using global information

on a centralized computing system. The computed plans are communicated back to the robots for them

to execute. Centralized algorithms often provide strong completeness and global optimality guarantees

because i) they utilize complete knowledge about the environment beforehand, ii) they generally run on

powerful centralized computers, and iii) there are generally less restrictive in time limits on their exe-

cution. However, in some cases, such a central entity is undesirable because of the communication link

that must be maintained between each robot and the central entity. If the obstacles in the environment

are not known a priori, building and relaying the observed obstacles to the central entity through the

communication channel adds further challenges. In some cases, it is impractical to have such a central

entity because it cannot react to robot trajectory tracking errors and obstacle updates fast enough due to

communication and computation delays. In practice, robots must operate safely even if there is limited

communication available. Decentralized algorithms delegate the computation of trajectories, allowing on-

board autonomy: each robot plans for itself using local information and optionally interacts with other

robots explicitly through communication or implicitly through behavioral assumptions, e.g., each robot

running the same algorithm. Decentralized algorithms generally forgo strong theoretical guarantees in

favor of fast computation because i) they are often used when complete information of the environment

is not known beforehand, and ii) they have to work in real-time on-board. Decentralized algorithms are

desirable when i) the obstacles in the environment are not known a priori before navigation, ii) reliable low

latency communication maintenance to a central system is not possible, iii) there are unforeseen trajectory

tracking imperfections causing robots to divert from their plans, which requires real-time re-planning for

robust execution, or iv) there is no central system.
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Taxonomy Based on Planning Horizon. Cooperative multi-robot navigation decision making al-

gorithms can also be categorized into long, medium, and short horizon, differing in the planning horizon

used to compute an output. Long horizon navigation decisionmaking (LH-NDM) algorithms are concerned

with computing plans for the full navigation task, where planning horizon in distance or duration may

grow to infinity. LH-NDMapproaches are generally centrally deployed because i) on-board LH-NDM is not

possible for all environments because of the potentially infinite planning horizon and on-board compute

and memory constraints, and ii) LH-NDM requires global environment representation, which is hard to

maintain on-board. Real-time reasoning about obstacles that are not known a priori in centrally deployed

LH-NDM approaches is generally not viable when reliable communication maintenance is not possible.

Medium horizon navigation decision making (MH-NDM) approaches generate plans to reach intermedi-

ate goals, producing plans for the medium horizon future, e.g., next two to ten seconds. Because of this,

they are executed in a receding horizon fashion, in which produced plans are executed for a short dura-

tion and new plans are produced. MH-NDM approaches typically run at 1Hz to 20Hz on-board, allowing

real-time execution. Since they can run on-board, they allow integration of new information during nav-

igation. On-board real-time execution of MH-NDM algorithms allows decentralized deployment. Short

horizon navigation decision making (SH-NDM) algorithms compute only the next safe action to execute

in every decision making iteration, hence, they typically run at a high frequency, e.g., 50Hz to 200Hz.

Since their reasoning horizon is short and they can be executed at a high frequency, they allow on-board

decentralized deployment. However, robots navigating solely with SH-NDM approaches tend to deadlock,

i.e., cannot reach to their goal positions, since the reasoning horizon of SH-NDM is short.

In this work, we introduce i) two decentralized real-time multi-robot trajectory planning algorithms

deployed asMH-NDMmodules, to allow static obstacle, interactive dynamic obstacle, and teammate avoid-

ance, ii) a constraint generation, overconstraining, and constraint-discarding scheme to ensure inter-robot

collision avoidance under asynchronous planning that is inherent in decentralized deployments, which we
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usewithin one of the proposed planners, and iii) a multi-robot aware planning and control stack that allows

collision-free and deadlock-free navigation in diverse types of environments, which combines LH-NDM,

MH-NDM and SH-NDM modules in a hierarchical manner. Central concerns of our discussion include

• embracing on-board compute, memory, and storage limitations of robotic systems, which prohibit

them from i) generating plans for the full navigation task on-board in real-time, or ii) maintaining a

global environment representation on-board,

• not relying on communication (inter-robot or robot-central system) for safe operation, and explicitly

accounting for communication imperfections whenever robots communicate,

• working with imperfect a priori knowledge, which prohibits generating completely collision-free

plans offline,

• ensuring dynamic feasibility of plans and embracing controller trajectory tracking errors, which

results in divergence from reference trajectories, and accounting for them for safe operation,

• working with minimal sensing and estimation capabilities, as each additional estimation require-

ment increases the error associated with the estimation algorithms, decreasing the robustness of the

decision making system, and

• achieving highly reactive collision avoidance behavior, which allows the robots to react to unfore-

seen situations switfly.

1.1 Contributions

In this dissertation, we make the following contributions:

1. We introduce a decentralized real-time trajectory planning algorithm (RLSS, short for real-time tra-

jectory planning using linear spatial separations), which allows collision-free multi-robot navigation
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in environments with static obstacles without any reliance on communication, laying the ground-

work non-reliance on communication property. RLSS uses position/geometry only sensing of team-

mates and static obstacles, and does not require higher order derivative estimations or prediction

of teammate trajectories. It assumes synchronously planning teammates, which we address in the

next contribution. The details of RLSS are discussed in Chapter 4 and published as an Autonomous

Robots paper [99].

2. When multiple robots make navigation decisions on-board in a decentralized fashion, their plan-

ning start and end times do not match when they are not explicitly synchronized. Decentralized

algorithms that assume synchronized execution for safety may result in collisions under such asyn-

chronous execution. We introduce a constraint generation, overconstraining and constraint-discarding

scheme that allows each pair of teammates’ plans to share a mutually excluding constraint under

asynchronous planning. The method uses communication between teammates, but can handle com-

munication imperfections, including message drops, delays, and re-orderings. The details of the

method are discussed in Chapter 5 and published as an IROS paper [102].

3. We introduce a decentralized real-time trajectory planning algorithm (DREAM, short for decentralized

real-time asynchronous probabilistic trajectory planning algorithm for multi-robot teams) for static

obstacle, interactive dynamic obstacle, and asynchronously planning teammate avoidance. DREAM

allows probabilistic collision avoidance, in which, uncertainty stems from static obstacle percep-

tion and dynamic obstacle prediction inaccuracies. It uses a novel vector field based representation

for interactive dynamic obstacle behavior, which allows fast querying of interactions during de-

cision making. For teammate avoidance, it uses the constraint generation, overconstraining, and

constraing-discarding scheme presented in Chapter 5, allowing inter-robot collision avoidance un-

der asynchronous planning and communication imperfections. We also propose three online pre-

diction methods to generate probabilistic interactive predictions for dynamic obstacles. The details
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of DREAM are discussed in Chapter 6, submitted to IEEE Transactions on Robotics, and available on

arXiv [103].

4. We propose amulti-robot aware planning and control stack (MRNAV, short formulti-robot navigation

stack) that allows collision-free and deadlock-free navigation in diverse types of environments. MR-

NAV integrates LH-NDM, MH-NDM, and SH-NDM modules, and assigns responsibilities to them.

It defines interfaces to the perception, localization, mapping, and prediction subsystems that might

exist in a full robotic stack. We implement MRNAV for multiple simulated quadrotor flight with

motor speed control, in which we use single-robot kinematic A* search as LH-NDM, DREAM as

MH-NDM, and a safety barrier certificates (SBC) based decision making module as SH-NDM; and

show that all components are needed for effective navigation in diverse types of environments. The

details of MRNAV are discussed in Chapter 7, will be submitted to IEEE Robotics and Automation

Letters, and are available on arXiv [101].
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Chapter 2

Related Work

2.1 Navigation Decision Making

The decision making approaches for (multi-)robot navigation are investigated in many domains using

different abstractions, assumptions, formalisms, and methods. In this chapter, we discuss them using the

planning horizon taxonomy. We classify navigation decision making approaches into three categories:

long (Section 2.1.1), medium (Section 2.1.2), and short horizon (Section 2.1.3), differing in the planning

horizon used to compute an output. The same algorithms can be used for long, medium, or short horizon

decision making in some cases; differing in their planning horizon.

2.1.1 Long Horizon Navigation Decision Making

LH-NDM approaches are concerned with making decisions for the full navigation task, planning horizon

in terms of distance or duration growing up to infinity. These approaches are sometimes called global

planners. They can produce trajectories or paths from start to goal states, or they can solve joint task and

motion planning (TAMP) problems. Completeness is one of the central aims during LH-NDM, meaning

that the algorithm produces a solution whenever the navigation problem is feasible, albeit not in real-

time in all environments, especially if dynamic feasibility is required. Because of this, using LH-NDM

approaches with completeness guarantees online in real-time is not viable for the general navigation task.
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The outputs of these algorithms can be kinematically or kinodynamically feasible trajectories. Kinematic

feasibility typically refers to static obstacle and/or teammate avoidance. Dynamic obstacle avoidance is

generally not pursued in these approaches, since knowing the existence and behaviors dynamic obstacles

before navigation, i.e., offline, is not a realistic expectation and incorporating them to decision making is

often unnecessary since by the time long horizon plans are executed, dynamic objects may have already

moved contrary to their predictions in many navigation applications.

Many planning algorithms can be used for single-robot LH-NDM, e.g., RRT* [46], A* [124], or D* [108].

Combining planning algorithms with trajectory optimization methods to ensure the dynamic feasibility of

the final plans is also proposed [94].

Multi-agent path finding (MAPF) [109] and multi-robot path planning (MRPP) [132] are concerned

with finding synchronized paths for multiple agents on graphs such that no two agents occupy the same

vertex or traverse the same edge in opposite directions at the same step, i.e., they do not collide. MAPF

algorithms can be used for LH-NDM, since they are typically concerned with the full navigation task

and provide completeness guarantees. The permutation-invariant MAPF problem, in which goal vertices

can be exchanged between agents, is polynomial time solvable for makespan optimization [131]. When

goal vertices are assigned to the agents, MAPF problem becomes NP-hard to solve for sum-of-costs or

makespan optimization [133]. Many optimal [130, 105, 110, 52, 106], bounded suboptimal [1, 5, 56], or

unbounded suboptimal algorithms [107, 63, 62, 120] for NP-Hard variants are proposed. Algorithm selec-

tion techniques for optimal MAPF solvers are also proposed [92, 2], which reason about problem types

for which individual MAPF solvers produce a solution fast. Generally, agent dynamics are omitted dur-

ing path planning. Combining MAPF algorithms with trajectory optimization allows dynamic feasibility

of the produced plans [111, 39, 78, 24]. Some multi-robot motion planning (MRMP) approaches compute

dynamically feasible plans without decoupling path planning from robot dynamics [51, 26, 18, 25].
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2.1.2 Medium Horizon Navigation Decision Making

MH-NDM approaches generate plans for reaching intermediate goals during navigation, and are some-

times called local planners. Given the current state of the the environment, they generate plans for the

medium horizon future of the navigation task, e.g., the next two to ten seconds. They are typically used in a

receding horizon fashion, generating plans that are executed for a short duration followed by re-planning.

The re-planning frequency of MH-NDM approaches typically vary from 1Hz to 20Hz. MH-NDM algo-

rithms are expected to run in real-time because of the receding horizon execution, requiring on-board

execution unless realiable communication maintenance from a centralized computer to the robots is pos-

sible. The real-time planning requirement makes it difficult to have completeness guarantees within the

re-planning period. On-board MH-NDM allows integration of new information about the environment

that may be collected during navigation, making them a viable choice in unknown or partially known

environments and tasks with imperfect communication media. In addition, since their decision making

horizon is not long, the robot does not need to maintain the full representation of the environment, al-

lowing on-board local environment representation maintenance. On-board execution complements with

decentralization of planningwhen there aremultiple robots to be controlled, inwhich, each robot computes

its own plan, while possibly coordinating with other robots through explicit communication or implicit

behavioral assumptions, e.g., assuming that teammates run the same algorithm. Dynamic feasibility of the

generated plans are frequently pursued in MH-NDM. Generally, the feasibility of most MH-NDM algo-

rithm is not guaranteed, i.e., planning iterations might fail. In those cases, robot continues using the plan

from the previous planning iteration.

Many single robot collision-free polynomial trajectory generation methods for static obstacle avoid-

ance can be used for MH-NDM. Richter, Bry, and Roy [94] use RRT* [46] to find a collision-free path in

environments with only static obstacles, followed by solving a quadratic program to smoothen the path

to a dynamically feasible piecewise polynomial trajectory. Polynomial spline trajectory generation based
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on local trajectory optimization in which collision avoidance against static obstacles is integrated into the

cost function [73] is proposed, which makes safety a soft contraint. Chen, Liu, and Shen [17] use standard

A* search where octrees [41] are used for static obstacle representation to plan a kinematically safe path,

and smooths it safely by containing the final plan in a safe navigation corridor (SNC) lying in the empty

octree cells. Computing a collision-free discrete path using jump point search (JPS) [37] followed by SNC

based polynomial optimization is also proposed [58]. Usenko et al. [118] propose a B-spline [83] genera-

tion algorithm using locally built maps, which are represented with 3D circular buffers. A piecewise Bézier

curve [85] based polynomial trajectory generation algorithm [33] in which an initial collision-free trajec-

tory is computed using fast marching [104], followed by optimization within an SNC is also proposed.

Tordesillas et al. [115] combine JPS with SNC construction and solve an optimization problem to compute

a piecewise polynomial that allows navigation in unknown environments.

Decision making approaches for avoiding static and dynamic obstacles and integrating uncertainty

associated with several sources (e.g., unmodeled system dynamics, state estimation inaccuracy, perception

noise, or prediction inaccuracies) are proposed, which can be used as MH-NDM modules. Tordesillas and

How [114] propose a polynomial trajectory planner to avoid static obstacles and dynamic obstacles given

their predicted trajectories along with a maximum prediction error. Qi et al. [87] combine motion primitive

search with spline optimization for static and dynamic obstacle avoidance. Chance constrained RRT (CC-

RRT) [59] plans trajectories to avoid static and dynamic obstacles, limiting the probability of collisions

under Gaussian system and prediction noise. Aoude et al. [4] perform trajectory prediction using Gaussian

mixturemodels to estimatemotionmodels of dynamic obstacles, and use thesemodelswithin a RRT variant

to predict their trajectories as a set of trajectory particles within CC-RRT to compute and limit collision

probabilities. Zhu and Alonso-Mora [139] propose a chance-constrained model-predictive control (MPC)

formulation for static and dynamic obstacle avoidance where uncertainty stems from Gaussian system

model and state estimation noise, and dynamic obstacle model noise where dynamic obstacles are modeled
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using constant velocities with Gaussian acceleration noise. RAST [16] is a risk-aware planner that does not

require segmenting obstacles into static and dynamic, but uses a particle based occupancy map in which

each particle is associated with a predicted velocity; and Nair, Tseng, and Borrelli [70] propose a MPC-

based collision avoidance method where uncertainty stems from system noise of the robot and prediction

noise for dynamic obstacles. Janson, Schmerling, and Pavone [43] use a Monte Carlo sampling to compute

collision probabilities of trajectories under system uncertainty.

Many decentralized decision making approaches have been proposed for cooperative navigation of

multiple robots, which can be deployed as MH-NDM modules. Zhou et al. [135] utilize buffered Voronoi

cells (BVC) within a model predictive control (MPC) framework, where each robot stays within its cell in

each planning iteration. BVC requires position-only sensing and does not depend on inter-robot communi-

cation. Wang et al. [123] present a distributed model predictive control (DMPC) scheme that requires full

state sensing between robots. Utilizing a DMPC schemewith full plan communication is also proposed [61,

60]. Differential flatness [69] of the underlying systems is utilized to plan in the output space instead

of the input space by many planners, which allows planning continuous splines with limited derivative

magnitudes to ensure dynamic feasibility. RTE [100] uses buffered Voronoi cells in a spline optimization

framework and combines the optimization with discrete planning to locally resolve deadlocks. Obstacle

avoidance is ensured using safe navigation corridors (SNC) during optimization. MADER [114] combines

discrete planning with spline optimization, treating SNC constraints as decision variables in a non-linear

optimization problem. MADER explicitly accounts for asynchronous planning using communication, yet

it assumes instantaneous perfect communication between robots. RMADER [50] extends MADER to han-

dle communication delays with known bounds between teammates. RSFC [79, 77] plans for piecewise

splines with Bézier curve [29] pieces where safety between robots is ensured by making sure that their

relative trajectories are in a safe set, where trajectories between robots are shared with instantaneous per-

fect communication. LSC [76] extends RSFC by using linear safety constraints without slack variables,
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which may cause the final solution to be unsafe in RSFC. DLSC [80] extends LSC to dynamic obstacles,

and maze-like environments. Ego-swarm [136] formulate the collision avoidance as a cost function, which

they optimize using gradient based local optimization. TASC [117, 116] uses SNCs, which it computes

between the communicated plans of other robots and the last plan of the planning robot. TASC accounts

for bounded communication delays between robots. In Peterson et al. [82]’s approach, which operates

in a receding horizon fashion, robot tasks are defined as time window temporal logic specifications. The

method can plan collision-free trajectories with finite temporal relaxations of the task specifications and

provably avoid deadlocks, but requires communication of planned trajectories between robots.

2.1.3 Short Horizon Navigation Decision Making

SH-NDM approaches generate only the next actions to execute in each decision making iteration. They

aim for collision-free operation after applying generated actions to the system and some maintain the in-

variance of a safe set [10], ensuring that there will always be safe actions to execute for all future time.

Ensuring the feasibility of the algorithm is another objective, which is closely related to maintaining in-

variance of the safe set, in which, the robot never fails to compute a safe action or, in some cases, an action

that drives the system eventually to safety. Since these approaches produce only the next action, they typ-

ically run at higher frequency than the medium horizon approaches, e.g., from 50Hz to 200Hz, depending

on the complexity of the robot dynamics. Since their reasoning horizons are short and a high frequency

execution is required, they typically run on-board using local environment information to ensure safety.

Robots navigating solely using these approaches tend to deadlock, since they generally do not consider task

completion during decision making. Integrating learned models for reducing deadlocks is proposed [96,

20], but, all existing methods are prone to deadlocks. Robots navigating with SH-NDM algorithms may

cooperate with each other explicitly via communication, or implicitly via behavioral assumptions, e.g.,

teammates running the same algorithm, similar to MH-NDM.
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Optimal reciprocal collision avoidance (ORCA) [8, 3], which is based on velocity obstacles [31], com-

putes safe velocities that are as close as possible to desired velocities, allowing static and dynamic obstacle

and teammate avoidance. Wang, Ames, and Egerstedt [121] present a safety barrier certificates (SBC) [84]

based method computing accelerations that are as close as possible to desired accelerations, providing col-

lision avoidance guarantee against static obstacles, teammates, and dynamic obstacles moving with con-

stant velocities. Both ORCA and SBC are minimally invasive algorithms, making desired control actions

safe by minimally altering them. Wang, Ames, and Egerstedt [122] make reference trajectories for quadro-

tors safe in a miniminally invasive manner using SBCs by explicitly exploiting the differential flatness

of quadrotors [66]. Wu and Sreenath [126] compute forces and moments directly for obstacle avoidance

in quadrotors. Zhou et al. [135]’s approach can be used as a short horizon decision making module by

limiting the number of planned inputs by one. GLAS [96] combines a learned network that is trained to

mimic a long horizon planner [39] with a theoretical safety module to provide collision-free navigation

capability while decreasing deadlocks. Batra et al. [7] utilize reinforcement learning (RL) to train neural

networks with direct thrust command outputs for quadrotors, allowing robot-robot collision avoidance.

Cui et al. [20] combine a RL trained network with a safety barrier certificates based module to guarantee

the collision-free operation. Several methods utilize RL to train neural networks to navigate robots on grid

maps, which is a special case of the MAPF problem, in which action space is simplified to directions on a

grid [97, 21, 119, 57].

Artificial potential fields [47] are applied to (multi-)robot collision avoidance, which can be deployed

as SH-NDM modules. In the most generic sense, artificial potential fields are functions from states to

actions, describing the behavior of robots and have been extensively studied in robot navigation; obstacles

are modeled using repulsive fields and navigation goals are modeled using attractive fields. Navigation

functions [95], a special case of artificial potential fields, can solve the exact robot navigation problem

with perfect information where obstacles are spherical; subsequent work has applied them to dynamic
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obstacle avoidance [34]. When perfect information is not available, local minima may cause robots to

deadlock. Some approaches attempt to decrease deadlocks by adding virtual obstacles [81], switching

between multiple fields [30], or using simulated annealing [140]. Yongjie and Yan [129] utilize artificial

potential fields for decentralized multi-robot collision avoidance. Dynamically adjusting artificial potential

fields to escape local minima is also investigated for multi-robot formation control [134]. Many flocking

algorithms can be considered artificial potential field based methods and can be used as a short horizon

decision making module, in which robots use simple rules to avoid collisions, navigate to goal positions,

and produce coherent swarm behavior. Boids [93] is one of the oldest flocking approaches, which is initially

developed for swarm behavior in computer graphics. The agents compute a linear combination of three

simple rules, i.e., collision avoidance, flock centering, velocity matching, to produce a coherent swarm

behavior. Tolstaya et al. [112] proposes using graph neural networks (GNNs) to produce flocking behavior,

in which, GNNs are used to propogate information about far away agents using local communication.

2.2 Predicting Dynamic Obstacle Behaviors

While some decision making approaches utilize only the current states of dynamic obstacles to avoid them,

other set of approaches require prediction of the behaviors of dynamic obstacles. Predicting future states of

dynamical systems is studied extensively. Many recent approaches have been developed in the autonomous

vehicles domain specifically for dynamic obstacles, which typically constitute humans or other vehicles.

Wiest et al. [125] use Gaussian mixture models to estimate a Gaussian distribution over future states

of a vehicle given its past states. Lee et al. [53] predict future trajectories of dynamic obstacles by learn-

ing a posterior distribution over future dynamic obstacle trajectories given past trajectories. Multi-modal

prediction for vehicles to tackle bias against unlikely future trajectories during training is also investi-

gated [48]. Bartoli et al. [6] present a method for human movement prediction using context information

modeling human-human and human-static obstacle interactions. Zhou et al. [138] generate multi-modal
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pedestrian predictions utilizing and modeling social interactions between humans and human intentions.

Goal directed prediction [90, 91, 64] converts the prediction problem to a planning problem, in which, the

behavior of predicted objects are modeled as a distribution on future states conditioned on goal distribu-

tions.
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Chapter 3

Preliminaries

In this chapter, we introduce some essential concepts that are used repeatedly in the following chapters.

3.1 Hyperplanes, Half-spaces, Convex Sets, ConvexPolytopes, andConvex

Hulls

Definition 1. An affine hyperplane, or shortly a hyperplane in our discussion,H ∈ Hd can be defined by a

normal vector Hn ∈ Rd and an offset Ha as H = {x ∈ Rd | H⊤
nx + Ha = 0} where Hd is the set of all

hyperplanes in Rd andHn ̸= 0.

Definition 2. A (closed) half-spaceH− ⊆ Rd is the subset of Rd bounded by a hyperplane such thatH− =

{x ∈ Rd | H⊤
nx+Ha ≤ 0} whereHn ̸= 0.

Definition 3. A set A ⊆ Rd is convex, if convex combination tx+ (1− t)y ∈ A for all x,y ∈ A, t ∈ [0, 1].

Lemma 1. Half-spaces are convex sets.

Proof. See Section 2.2.1 in [13].

Lemma 2. Intersection of any number of convex sets is a convex set.

Proof. See Section 2.3.1 in [13].

16



Definition 4. A convex polytope is an intersection of a finite number of half-spaces, and hence a convex set.

Definition 5. Convex hull ConvexHull(A) ⊆ Rd of a set A ⊆ Rd is the smallest convex set containing A.

Equivalently, it can be defined as the set containing all convex combinations
∑

αixi, αi ≥ 0,
∑

αi = 1 of

all points xi ∈ A. Convex hull of a finite set of points is a convex polytope.

Definition 6. Two sets A,B ⊆ Rd are called linearly separable if there is a hyperplane H that separates

them, i.e.,H⊤
nx+Ha ≤ 0 for all x ∈ A andH⊤

x x+Ha ≥ 0 for all x ∈ B. They are called strictly linearly

separable if inequalities are strict.

Theorem 1. Separating hyperplane theorem. Let A,B ⊆ Rd be two disjoint non-empty convex sets.

Then, they are linearly separable, i.e., there exist a hyperplane H ∈ Hd such that H⊤
nx + Ha ≤ 0 for all

x ∈ A and H⊤
nx +Ha ≥ 0 for all x ∈ B where Hn ̸= 0. If, in addition, A and B are closed, and at least

one of them is compact, they are strictly linearly separable.

Proof. See Section 2.5.1 in [13].

3.1.1 Hard-margin Support Vector Machines

Let A,B ⊆ Rd
be two strictly linearly separable sets as per Definition 6. The hard-margin support vector

machine hyperplane [19] between A and B separates A and B such that the minimum distance between

A and B along the normal of the hyperplane, i.e., the margin, is maximal. Formally, it is the solution to

the following convex quadratic optimization problem
∗

min
Hn,Ha

∥Hn∥22 s.t.

H⊤
nx+Ha ≤ −1 ∀x ∈ A

H⊤
nx+Ha ≥ 1 ∀x ∈ B.

∗

We discuss convex optimization problems in Section 3.2.1.
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Since the problem is convex, it has a unique global minimum. In addition, the hard-margin support

vector machine problem as defined above has a unique solution [11] when the sets are linearly separable.

3.1.2 Voronoi Tesselation

Let X ⊆ Rd
be a finite non-empty set of distinct points. The Voronoi tesselation [23] of Rd

associated X

is the partitioning of Rd
to |X | regions V1, . . . ,V|X |, one for each point xi ∈ X , such that points in Vi are

closer or equidistant to xi than any other xj ∀j ̸= i in L2 distance. Formally,

Vi = {x ∈ Rd | ∥x− xi∥2 ≤ ∥x− xj∥2 ∀j ̸= i}.

Vi is called the Voronoi cell of point xi.

Each inequality ∥x− xi∥2 ≤ ∥x− xj∥2 for a j ̸= i is the half-space with normal Hn = xj − xi

and offset Ha =
x⊤
i xi−x⊤

j xj

2 . Hence, Voronoi cells are intersections of finite number of half-spaces, and

therefore convex polytopes.

3.2 Continuous Optimization

In the general sense, a continuous optimization problem seeks the minimum value of a real valued function

of one or more real decision variables subject to inequality constraints, and has the form

min
x

f(x) s.t. (3.1)

gi(x) ≤ 0 ∀i ∈ {1, . . . ,M} (3.2)

where x ∈ Rd
are the decision variables, f : Rd → R is the objective function, gi : Rd → R, i ∈

{1, . . . ,M} are M constraint functions. It is possible to use other equivalent forms, e.g., with equality

constraints.
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A globally optimal solution, or simply a solution, to the optimization problem constitute values xmin-

imizing f(x) among the values satisfying the constraints gi(x) ≤ 0 ∀i ∈ {1, . . . ,M}. Finding a globally

optimal solution for general classes of f and gi is often intractable. However, convex optimization problems

permit efficient algorithms for finding globally optimal solutions.

3.2.1 Convexity of Optimization Problems

Definition 7. A real valued function f : Rd → R of one or more real valued variables is called convex if it

satisfies, f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y) ∀x,y ∈ Rd ∀t ∈ [0, 1].

Definition 8. A continuous optimization problem of Equations (3.1) and (3.2) is called convex, if objective

function f , and constraint functions gi, i ∈ {1, . . . ,M} are convex.

Globally optimal solutions for convex optimization problems can be found in polynomial time in di-

mension and accuracy, using, for instance, interior point methods [71].

3.2.2 Linear and Quadratic Optimization Problems

Linear optimization problems, or linear programs (LP), are continuous optimization problems in which the

objective function f and constraint functions gi are affine functions of the decision variables in the Equa-

tions (3.1) and (3.2) form. Linear optimization problems are convex by definition, because affine func-

tions are convex. While solution methods for convex optimization can be readily used to solve LPs, there

are many specialized solution methods exploiting the linear structure of the problem, e.g., the simplex

method [22].

Quadratic optimization problems, or quadratic programs (QP), are continuous optimization problems

in which the objective function f is a quadratic and constraint functions gi are affine functions of the

decision variables. Unlike LPs, QPs are not necessarily convex. Solving general QPs is known to be NP-

Hard [75] and only locally optimal solutions are typically computed. However, a globally optimal solution
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for convex QPs can be found in polynomial time, and specialized solution methods exist [128] that exploit

the structure of the problem.

3.3 Bézier Curves

A Bézier curve f : [0, T ]→ Rd
of degree h is defined by h+1 control pointsP0, . . . ,Ph ∈ Rd

as follows:

f(t) =
h∑

i=0

Pi

(
h

i

)(
t

T

)i(
1− t

T

)(h−i)

.

Any Bézier curve f satisfies f(0) = P0 and f(T ) = Ph, i.e., it starts at the first control point and ends at

the last. Other points guide the curve from P0 to Ph. Since any Bézier curve f is a polynomial of degree

h, it is infinitely differentiable and smooth, meaning f ∈ C∞
.

3.3.1 Convex Hull Property of Bézier Curves

Bézier curves liewithin the convex hull of their control points, i.e., f(t) ∈ ConvexHull({P0, . . . ,Ph}) ∀t ∈

[0, T ] [29]. Tordesillas and How [113] discuss the conservativeness of the convex hulls of control points

of Bézier curves and show that the convex hulls are considerably less conservative than those of B-

Splines [83], which are another type of curve with the convex hull property. Yet, they also show that

convex hulls of the control points of the Bézier curves can be considerably more conservative compared

to the smallest possible convex sets containing the curves.

3.4 Differential Flatness of Dynamical Systems

A system is called differentially flat [69] when its states and inputs can be expressed in terms of the outputs

and finite derivatives of them. When robots are differentially-flat, their dynamics can be accounted for by

i) imposing continuity up to the required degree on the flat outputs, and ii) imposing constraints on the
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maximum derivative magnitudes of the flat outputs. Differential flatness is common for many kinds of

mobile robots, including differential drive robots [15], car-like robots [68], omnidirectional robots [44],

and quadrotors [66].
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Chapter 4

Decentralized Real-time Networkless Multi-robot Trajectory Planning

for Static Obstacle and Synchronous Teammate Avoidance

Trajectory planning for multiple robots in shared environments is a challenging problem especially when

there is limited communication available or no central entity. In this chapter, we present Real-time plan-

ning using Linear Spatial Separations, or RLSS: a real-time decentralized trajectory planning algorithm for

cooperative multi-robot teams in static environments. The algorithm requires relatively few robot capa-

bilities, namely i) sensing the positions of robots and obstacles without higher-order derivatives and ii) the

ability of distinguishing robots from obstacles. There is no communication requirement and the robots’

dynamic limits are taken into account. RLSS generates and solves quadratic optimization problems that

are kinematically feasible and guarantees collision avoidance if the resulting problems are feasible. We

demonstrate the algorithm’s performance in real-time in simulations and on physical robots. We compare

RLSS to two state-of-the-art planners and show empirically that RLSS does avoid deadlocks and collisions

in forest-like and maze-like environments, significantly improving prior work, which result in collisions

and deadlocks in such environments.

This chapter is based on Baskın Şenbaşlar, Wolfgang Hönig, and Nora Ayanian. “RLSS: real-time, decentralized, cooperative,

networkless multi-robot trajectory planning using linear spatial separations”. In: Autonomous Robots (2023), pp. 1–26. doi:

10.1007/s10514-023-10104-w.

22

https://doi.org/10.1007/s10514-023-10104-w


Figure 4.1: RLSS runs in real-time in dense environments. Each robot plans a trajectory by itself using

only the position information of other robots and obstacles.

4.1 Introduction

In this chapter, we introduce RLSS, a real-time decentralized trajectory planning algorithm for multiple

robots in a shared environment that requires no communication between robots and requires relatively

few sensing capabilities: each robot senses the relative positions of other robots and obstacles along with

their geometric shapes in the environment, and is able to distinguish robots from obstacles. RLSS requires

relatively few robot capabilities than most state-of-the-art decentralized planners used for multi-robot

navigation, which typically require communication [60, 114, 123], higher order derivative estimates [77,

123], or predicted trajectories of objects [77]. However, the ability to distinguish robots from obstacles is

not required by some state-of-the-art algorithms [135], which require modelling obstacles as robots. RLSS

is cooperative in the sense that we assume each robot stays within its current cell of a tessellation of the

space until the next planning iteration. We assume obstacles are static, which is required to guarantee

collision avoidance.
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RLSS explicitly accounts for the dynamic limits of the robots and enforces safety with hard constraints,

reporting when they cannot be enforced, thus guaranteeing collision avoidance when it succeeds. The

planning algorithm can be guided with desired trajectories, thus it can be used in conjunction with long

horizon planners. If no long horizon planner or plan is available, RLSS can be used on its own, without

any central guidance, by setting the desired trajectories to line segments directly connecting robots’ start

positions to their goal positions.

There are four stages in RLSS.

1. Select a goal position to plan toward on the desired trajectory;

2. Plan a discrete path toward the selected goal position;

3. Formulate and solve a kinematically feasible optimization problem to compute a safe smooth trajec-

tory guided by the discrete plan;

4. Check if the trajectory obeys the dynamic limits of the robot, and temporally rescale the trajectory

if not, and go to step 3.

RLSS works in the receding horizon fashion: it plans a long trajectory, executes it for a short duration,

and replans at the next iteration. It utilizes separating hyperplanes, i.e., linear spatial separations, between

robot shapes, obstacles, and sweep geometries (the subsets of space swept by robots while traversing

straight line segments) to enforce safety during trajectory optimization.

We demonstrate, through simulation and experiments on physical robots, that RLSS works in dense

environments in real-time (Figure 4.1). We compare our approach to two state-of-the-art receding horizon

decentralized multi-robot trajectory planning algorithms in 3D. In the first, introduced by Zhou et al. [135],

robots plan for actions using a model predictive control-style optimization formulation while enforcing

that each robot stays inside its buffered Voronoi cell at every iteration. We refer to this method as BVC. The

original BVC formulation works only for discrete single-integrator dynamics and environments without
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obstacles. We extend the BVC formulation to discrete time-invariant linear systems with position outputs

and environments with obstacles, and call the extended version eBVC (short for extended BVC). RLSS

and eBVC have similar properties: they require no communication between robots, and require position

sensing of other objects in the environment. However, unlike RLSS, eBVC does not require that robots are

able to distinguish robots from obstacles, as it treats each obstacle as a robot. In the second, introduced

by Park and Kim [77], robots plan for trajectories by utilizing relative safe navigation corridors, which they

execute for a short duration, and replan. We refer to thismethod as RSFC. RSFC requires no communication

between robots, and utilizes positions as well as velocities of the objects in the environment, thus requires

more sensing capabilities than RLSS. We demonstrate empirically that RLSS results in no deadlocks or

collisions in our experiments in forest-like and maze-like environments, while eBVC is prone to deadlocks

and RSFC results in collisions in such environments. However, RLSS results in slightly longer navigation

durations compared to both eBVC and RSFC.

The contribution of this chapter can be summarized as follows:

• A carefully designed, numerically stable, and effective real-time decentralized planning algorithm

for multiple robots in shared environments with static obstacles with relatively few requirements:

no communication between robots, position-only sensing of robots and obstacles, and ability to

distinguish robots from obstacles.

• An extension (eBVC) of a baseline planner (BVC) to environments with obstacles and a richer set of

dynamics than only single-integrators.

• The first comparison of more than two state-of-the-art communication-free decentralized multi-

robot trajectory planning algorithms, namely, RSFC, eBVC, and RLSS, in complicated forest-like and

maze-like environments, some of which containing more than 2000 obstacles.
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4.2 Situating within Related Work

The pipeline of RLSS contains three stages (discrete planning, safe navigation corridor construction, and

trajectory optimization) that are employed by several existing single-robot trajectory planning algorithms.

Richter, Bry, and Roy [94] present a single-robot trajectory planning method for aggressive quadrotor

flight which utilizes RRT* [46] to find a kinematically feasible discrete path and formulates an uncon-

strained quadratic program over polynomial splines guided by the discrete path. Collisions are checked

after optimization, and additional decision points are added and optimization is re-run if there is collision.

Chen, Liu, and Shen [17] present a method that utilizes octree representation [41] of the environment

during discrete search. They find a discrete path using unoccupied grid cells of the octree. Then, they

maximally inflate unoccupied grid cells to create a safe navigation corridor that they use as constraints in

the subsequent polynomial spline optimization. Liu et al. [58] uses Jump Point Search (JPS) [37] as the

discrete planner, and construct safe navigation corridors that are used as constraints in the optimization

stage. Our planning system uses these three stages (discrete planning, safe navigation corridor construc-

tion, and corridor-constrained optimization) and extends it to multi-robot scenarios in a decentralized way.

We handle robot-robot safety by cooperatively computing a linear partitioning of the environment, and

enforcing that each robot stays within its own cell of the partition.

RLSS falls into the medium horizon navigation decision making algorithms that are deployed in a

decentralized fashion. To recap, these approaches employ receding horizon planning: they plan medium

horizon trajectories, execute them for a short duration, and replan. Examples include [135], which presents

a model predictive control (MPC) based approach in which robots plan for a sequence of actions while en-

forcing each robot to stay within its buffered Voronoi cell. It requires no inter-robot communication and

depends on sensing of other robots’ positions only. Another MPC-based approach approximates robots’

controller behaviors under given desired states as a linear system [60]. A smooth Bézier curve for each

robot is computed by solving an optimization problem, in which samples of desired states are drawn from
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the curve and fed into the model of the system. The approach requires communication of future states

for collision avoidance. Another MPC-based approach generates plans using motion primitives to com-

pute time-optimal trajectories, then trains a neural network to approximate the behavior of the planner,

which is used during operation for fast planning [123]. It requires sensing or communicating the full

states of robots. Tordesillas and How [114] present a method for dynamic obstacle avoidance, handling

asynchronous planning between agents in a principled way. However, the approach requires instant com-

munication of planned trajectories between robots to ensure safety. Park and Kim [77] plan a piecewise

Bézier curve by formulating an optimization problem. It utilizes relative safe flight corridors (RSFCs) for

collision avoidance and requires no communication between robots, but requires position and velocity

sensing. In Peterson et al. [82]’s approach, robot tasks are defined as time window temporal logic speci-

fications. Robots plan trajectories to achieve their tasks while avoiding each other. The method provably

avoids deadlocks, but requires communication of planned trajectories between robots.

RLSS requires sensing only the positions of other robots and obstacles, and does not require any com-

munication between robots. The work of Zhou et al. [135] (BVC) is the only other approach with these

properties. Different from their approach, RLSS uses discrete planning to avoid local minima, plans piece-

wise Bézier trajectories instead of MPC-style input planning, and does not constrain the full trajectory to

be inside a constraining polytope. These result in better deadlock and collision avoidance as we show in

the evaluation section.

In terms of inter-robot collision avoidance, RLSS belongs to a family of algorithms that ensure multi-

robot collision avoidance without inter-robot communication by using the fact that each robot in the team

runs the same algorithm. In these algorithms, robots share the responsibility of collision avoidance by

computing feasible action sets that would not result in collisions with others when others compute their

own feasible action sets using the same algorithm. Examples include BVC [135], which partitions position

space between robots and makes sure that each robot stays within its own cell in the partition, ORCA [3],

27



which computes feasible velocity sets for robots such that there can be no collisions between robots as

long as each robot chooses a velocity command from their corresponding sets, and SBC [121], which does

the same with accelerations.

BVC and RLSS also belong to a family of decentralized multi-robot trajectory planning algorithms that

utilize mutually computable separating hyperplanes for inter-robot safety that we define in Chapter 5.

These algorithms do not require any inter-robot communication and utilize only position/geometry sens-

ing between robots. The inter-robot safety is enforced bymaking sure that each pair of robots can compute

the same separating hyperplane and enforce themselves to be in the different sides of this hyperplane at

every planning iteration. Separating hyperplanes that can be mutually computed by robots using only

position/geometry sensing and no communication are defined as mutually computable. BVC uses Voronoi

hyperplanes and RLSS uses support vector machine hyperplanes, both of which are mutually computable.

RLSS is an extension to our previous conference paper [100]. We extend it conceptually by

• supporting robots with any convex geometry instead of only spherical robots; and

• decreasing the failure rate of the algorithm from 3% in complex environments to 0.01% by provid-

ing important modifications to the algorithm. These modifications include i) changing the discrete

planning to best-effort A∗
search, thus allowing robots to plan towards their goals even when goals

are not currently reachable; ii) increasing the numerical stability of the algorithm by running dis-

crete planning at each iteration instead of using the trajectory of the previous iteration when it is

collision free to define the homotopy class, and adding a preferred distance cost term to the optimiza-

tion problem in order to create a safety zone between objects when possible; and iii) ensuring the

kinematic feasibility of the optimization problem generated at the trajectory optimization stage.

We extend our previous work empirically by

• applying our algorithm to a heterogeneous team of differential drive robots in 2D;
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• applying our algorithm to quadrotors in 3D; and

• comparing the performance of our algorithm to stronger baselines.

4.3 Problem Statement

We first define the multi-robot trajectory planning problem, then, we indicate the specific case of the

problem we solve.

Consider a team of N robots for which trajectories must be computed at time t = 0. The team can be

heterogeneous, i.e., each robot might be of a different type or shape. LetRi be the collision shape function

of robot i such that Ri(p) is the collision shape of robot i located at position p ∈ Rd, d ∈ {2, 3}, i.e., the

subset of space occupied by robot i when placed at position p. We define Ri(p) = {p + x | x ∈ Ri,0}

whereRi,0 ⊂ Rd
is the the space occupied by robot iwhen placed at the origin. Note that we do not model

robot orientation. If a robot can rotate, the collision shape should contain the union of spaces occupied

by the robot for each possible orientation at a given position; which is minimally a hypersphere if all

orientations are possible.

We assume the robots are differentially flat (Section 3.4) in their position outputs.

Let O(t) = {Q ⊂ Rd} be the set of obstacles in the environment at time t. The union Q(t) =

∪Q∈O(t)Q denotes the occupied space at time t. LetWi ⊆ Rd
be the workspace that robot i should stay

inside of.

Let di(t) : [0, Ti] → Rd
be the desired trajectory of duration Ti that robot i should follow as closely

as possible. Define di(t) = di(Ti) ∀t ≥ Ti. We do not require that this trajectory is collision-free or even

dynamically feasible to track by the robot. If no such desired trajectory is known, it can be initialized, for

example, with a straight line to a goal location.
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The intent is that each robot i tracks a Euclidean trajectory fi(t) : [0, T ] → Rd
such that fi(t) is

collision-free, executable according to the robot’s dynamics, is as close as possible to the desired trajectory

di(t), and ends at di(Ti). Here, T is the navigation duration of the team. We generically define the multi-

robot trajectory planning problem as the problem of finding trajectories f1, . . . , fN and navigation duration

T that optimizes the following formulation:

min
f1,...,fN ,T

N∑
i=1

∫ T

0
∥fi(t)− di(t)∥2 dt s.t. (4.1)

fi(t) ∈ Cci ∀i ∈ {1, . . . , N} (4.2)

fi(T ) = di(Ti) ∀i ∈ {1, . . . , N} (4.3)

dcfi(0)

dtc
=

dcp0
i

dtc
∀i∀c ∈ {0, . . . , ci} (4.4)

Ri(fi(t)) ∩Q(t) = ∅ ∀i∀t ∈ [0, T ] (4.5)

Ri(fi(t)) ∩Rj(fj(t))=∅ ∀j ̸= i∀t ∈ [0, T ] (4.6)

Ri(fi(t)) ∈ Wi ∀i∀t ∈ [0, T ] (4.7)

max
t∈[0,T ]

∥∥∥∥dkfi(t)dtk

∥∥∥∥
2

≤γki ∀i∀k ∈ {1, . . . ,Ki} (4.8)

where ci is the order of derivative up to which the trajectory of the ith robot must be continuous, p0
i is the

initial position of robot i (derivatives of which are the initial higher order state components, e.g., velocity,

acceleration, etc.), γki is the maximum kth derivative magnitude that the ith robot can execute, and Ki is

the maximum derivative degree that robot i has a derivative magnitude limit on.

The cost (4.1) of the optimization problem is a metric for the total deviation from the desired trajec-

tories; it is the sum of position distances between the planned and the desired trajectories. (4.2) enforces

that the trajectory of each robot is continuous up to the required degree of derivatives. (4.3) enforces that
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planned trajectories end at the endpoints of desired trajectories. (4.4) enforces that the planned trajec-

tories have the same initial position and higher order derivatives as the initial states of the robots. (4.5)

and (4.6) enforce robot-obstacle and robot-robot collision avoidance, respectively. (4.7) enforces that each

robot stays within its defined workspace. Lastly, (4.8) enforces that the dynamic limits of the robot are

obeyed.

Note that only constraint (4.6) stems from multiple robots. However, this seemingly simple constraint

couples robots’ trajectories both spatially and temporally, making the problem much harder. As discussed

in Section 2.1.1, solving the multi-agent path finding problem optimally is NP-Hard even for the discrete

case while the discrete single-agent path finding problem can be solved optimally with classical search

methods in polynomial time. This curse of dimensionality affects continuous motion planning as well,

where even geometric variants are known to be PSPACE-Hard [40].

A centralized planner can be used to solve the generic multi-robot trajectory planning problem in one-

shot provided that: the current and future obstacle positions are known a priori, computed trajectories

can be sent to robots over a communication link, and robots can track these trajectories well enough that

they do not violate the spatio-temporal safety of the computed trajectories. In the present work, we aim

to approximately solve this problem in the case where obstacles are static, but not known a priori by a

central entity, and there is no communication channel between robots or between robots and a central

entity. Each robot plans its own trajectory in real-time. They plan at a high frequency to compensate for

trajectory tracking errors.

4.4 Assumptions

Here, we list our additional assumptions about the problem formulation defined in Section 4.3 and the

capabilities of robots.
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We assume that obstacles in the environment are static, i.e., O(t) = O ∀t ∈ [0,∞], and convex
∗
.

Many existing, efficient, and widely-used mapping tools, including occupancy grids [38] and octrees [41],

internally store obstacles as convex shapes; such maps can be updated in real-time using visual or RGBD

sensors, and use unions of convex axis-aligned boxes to approximate the obstacles in the environment.

Similarly, we assume that the shapes of the robots are convex.

We assume that the workspaceWi ⊆ Rd
is a convex polytope. It can be set to a bounding box that

defines a room that a ground robot must not leave, a half-space that contains vectors with positive z

coordinates so that a quadrotor does not hit the ground or simply be set to Rd
. A non-convex workspace

W̃i can be modeled by a convex workspaceWi such that W̃i ⊆ Wi and a static set of convex obstacles Õ

that block portions of the convex workspace so that W̃i =Wi\
(
∪Q∈ÕQ

)
.

To provide a guarantee of collision avoidance, we assume that robots can perfectly sense the relative

positions of obstacles and robots as well as their shapes in the environment. The approach we propose does

not require sensing of higher order state components (e.g., velocity, acceleration, etc.) or planned/estimated

trajectories of objects, as the former is generally a noisy signal which cannot be expected to be sensed

perfectly and the latter would require either communication or a potentially noisy trajectory estimation.

RLSS treats robots and obstacles differently. It enforces that each robot stays within a spatial cell that

is disjoint from the cells of other robots until the next planning iteration to ensure robot-robot collision

avoidance. To compute the spatial cell for each robot, RLSS uses positions and shapes of nearby robots,

but not obstacles, in the environment. Therefore, robots must be able to distinguish other robots from

obstacles. However, we do not require individual identification of robots.

We assume that the team is cooperative in that each robot runs the same algorithm using the same

replanning period.

∗

For the purposes of our algorithm, concave obstacles can be described or approximated by a union of finite number of

convex shapes provided that the union contains the original obstacle. Using our algorithm with approximations of concave

obstacles results in trajectories that avoid the approximations.
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Lastly, we assume that planning is synchronized between robots, meaning that each robot plans at the

same time instant. The synchronization assumption is needed for ensuring robot-robot collision avoidance

when planning succeeds
†
.

4.5 Approach

Under the given assumptions, we solve the generic multi-robot trajectory planning problem approximately

using decentralized receding horizon planning. Each robot plans a trajectory, executes it for a short period

of time, and repeats this cycle until it reaches its goal. We call each plan-execute cycle an iteration.

We refer to the planning robot as the ego robot, and henceforth drop indices for the ego robot from our

notation as the same algorithm is executed by each robot. WorkspaceW is the convex polytope in which

the ego robot must remain. R is the collision shape function of the ego robot such thatR(p) ⊂ Rd
is the

space occupied by the ego robot when it is placed at position p. The ego robot is given a desired trajectory

d(t) : [0, T ] → Rd
that it should follow. The dynamic limits of the robot are modeled using required

derivative degree c up to which the trajectory must be continuous, and maximum derivative magnitudes

γk for required degrees k ∈ {1, . . . ,K}.

At every iteration, the ego robot computes a piecewise trajectory f(t), which is dynamically feasible

and safe up to the safety duration s, that it executes for the replanning period δt ≤ s, and fully re-plans,

i.e., runs the full planning pipeline, for the next iteration. The only parameter that is shared by all robots is

the replanning period δt.

Without loss of generality, we assume that navigation begins at t = 0, and at the start of planning

iteration u, the current timestamp is T̃ = uδt.

†

In physical deployments, asynchronous planning can cause collisions between robots when they are in close proximity to

each other. To handle collisions stemming from asynchronous planning, robot shapes can be artificially inflated according to the

maximum possible planning lag between robots (an empirical value) at the expense of conservativeness. Starting Chapter 5, we

explicitly account for asynchronous planning in a principled way.
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RLSS fits into the planning part of the classical robotics pipeline using perception, planning, and con-

trol. The inputs from perception for the ego robot are:

• S : Shapes of other robots‡. Sj ∈ S where j ∈ {1, . . . , i− 1, i+ 1, . . . , N} is the collision shape of

robot j sensed by the ego robot such that Sj ⊆ Rd
.

• O: The set of obstacles in the environment, where each obstacle Q ∈ O is a subset of Rd
.

• p: Current position of the ego robot, from which derivatives up to required degree of continuity can

be computed
§
.

We define Ô = ∪Q∈OQ as the space occupied by the obstacles, and Ŝ = ∪S′∈SS ′ as the space occupied

by the robot shapes. Robots sense the set of obstacles and the set of robot shapes and use those sets in

practice. We use spaces occupied by obstacles and robots for brevity in notation.

There are 4main stages of RLSS: 1) goal selection, 2) discrete planning, 3) trajectory optimization, and

4) temporal rescaling. The planning pipeline is summarized in Figure 4.2. At each planning iteration, the

ego robot executes the four stages to plan the next trajectory. In the goal selection stage, a goal position

and the corresponding timestamp of the goal position on the desired trajectory d(t) is selected. In the

discrete planning stage, a discrete path from robot’s current position toward the selected goal position

is computed and durations are assigned to each segment. In the trajectory optimization stage, discrete

segments are smoothed to a piecewise trajectory. In the temporal rescaling stage, the dynamic limits of

the robot are checked and duration rescaling is applied if necessary.

Next, we describe each stage in detail. Each stage has access to the workspaceW , the collision shape

function R, the desired trajectory d(t) and its duration T , the maximum derivative magnitudes γk, and

the derivative degree c up to which the trajectory must be continuous. We call these task inputs. They

‡

Practically, if the ego robot cannot sense a particular robot j because it is not within the sensing range of the ego robot,

robot j can be omitted by the ego robot. As long as the sensing range of the ego robot is more than the maximum distance that

can be travelled by the ego robot and robot j in duration δt, omitting robot j does not affect the behavior of the algorithm.

§

In reality, all required derivatives of the position would be estimated using a state estimation method. We use this definition

of p for notational convenience.

34



Goal Selection

Discrete Planning

Trajectory Optimization

Temporal Rescaling

f(t)

S,O,p (inputs from sensing)

RLSS

goal & timestamp

segments & durations

potentially dynamically

infeasible trajectory

Figure 4.2: RLSS planning pipeline. Based on the sensed robots S , sensed obstaclesO, and current position
p, the ego robot computes the trajectory f(t) that is dynamically feasible and safe up to time s.
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(a) Desired Trajectories (b) Red Goal Selection (c) Blue Goal Selection (d) Selected Goals

Figure 4.3: Goal Selection. a) Blue and red squares are robots, while obstacles are black boxes. The desired

trajectories dred(t) and dblue(t) of each robot are given as dotted lines. Safety distance D is set to 0 for

clarity. b) The desired trajectory of the red robot is not collision-free at timestamp T̃ + τ . It selects its goal
timestamp T ′

(and hence its goal position) by solving (4.9), which is the closest timestamp to T̃ + τ when

the robot, when placed on the desired trajectory, would be collision free. c) Since the desired trajectory of

blue robot is collision free at timestamp T̃ + τ , it selects its goal timestamp T ′ = T̃ + τ after solving (4.9).

d) Selected goal positions are shown.

describe the robot shape, robot dynamics, and the task at hand; these are not parameters that can be tuned

freely and they do not change during navigation.

4.5.1 Goal Selection

At the goal selection stage (Algorithm 1), we find a goal position g on the desired trajectory d(t) and a

timestamp by which it should be reached. These are required in the subsequent discrete planning stage,

which is a goal-oriented search algorithm.

Goal selection has two parameters: the desired planning horizon τ and safety distance D. It uses the

robot collision shape function R, desired trajectory d(t) and its duration T , and workspaceW from the

task inputs. The inputs of goal selection are the shapes of other robots S , obstacles in the environmentO,

current position p, and the current timestamp T̃ .

At the goal selection stage, the algorithm finds the timestamp T ′
that is closest to T̃ + τ (i.e., the

timestamp that is one planning horizon away from the current timestamp) when the robot, if placed on

the desired trajectory at T ′
, is at least safety distance D away from all objects in the environment. We

use the safety distance D as a heuristic to choose goal positions that have free volume around them in

order not to command robots into tight goal positions. Note that goal selection only chooses a single point
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Algorithm 1: GOAL-SELECTION
Input : S : Set of robot shapes
Input : O : Set of obstacles
Input : p : Current position
Input : T̃ : Current timestamp

TaskInput:R : Collision shape function

TaskInput: d(t), T : Desired trajectory and its duration

TaskInput:W : Workspace

Parameter: τ : Desired planning horizon

Parameter: D : Safety distance

Return : Goal and timestamp by which it should be reached

1 T ′ ← Solve (4.9) with linear search;

2 if (4.9) is infeasible then
3 return (p, T̃ )
4 else
5 g← d(T ′);
6 return (g, T ′

)

7 end

on the desired trajectory that satisfies the safety distance; the actual trajectory the robot follows will be

planned by the rest of the algorithm. Formally, the problem we solve in the goal selection stage is given

as follows:

T ′ = argmin
t
|t− (T̃ + τ)| s.t.

t ∈ [0, T ]

min-dist(R(d(t)), Ô ∪ Ŝ ∪ ∂W) ≥ D

(4.9)

where ∂W is the boundary of workspace W , and min-dist returns the minimum distance between two

sets. We solve (4.9) using linear search on timestamps starting from T̃ + τ with small increments and

decrements. Figure 4.3, demonstrates the goal selection procedure for a particular instance.

If there is no safe point on the desired trajectory, i.e. if the robot is closer thanD to objects when it is

placed on any point on the desired trajectory, we return the current position and timestamp. This allows

us to plan a safe stopping trajectory.

Note that while the selected goal position has free volume around it, it may not be reachable by the

ego robot. For example, the goal position may be encircled by obstacles or other robots. Therefore, we
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Algorithm 2: DISCRETE-PLANNING
Input : g : Goal position
Input : T ′ : The timestamp that goal position should be (or should have been) reached at

Input : S : Set of robot shapes
Input : O : Set of obstacles
Input : p : Current position
Input : T̃ : Current timestamp

TaskInput:R : Collision shape function

TaskInput:W : Workspace

TaskInput: γ1 :Maximum velocity the robot can execute

Parameter: σ : Step size of search grid

Parameter: s : Duration up to which computed trajectory must be safe. s ≥ δt must hold.

Return : Discrete path and duration assignments to segments

1 F ← W\(Ô ∪ Ŝ);
2 actions← BEST-EFFORT-A∗(p,g,R,F , σ);
3 {e1, . . . , eL} ← EXTRACT-SEGMENTS(actions)
4 Prepend e1 to {e1, . . . , eL} so that e0 = e1.;

5 totalLength←
∑L

i=1 ∥ei − ei−1∥2;
6 fDuration← max

(
T ′ − T̃ , totalLength

γ1

)
;

7 T1 ← s
8 for i = 2→ L do
9 Ti ← fDuration

∥ei−ei−1∥2
totalLength

10 end
11 return {e0, . . . , eL}, {T1, . . . , TL}

use a best-effort search method during discrete planning (as described in Section 4.5.2) that plans a path

towards the goal position.

The goal and the timestamp are used in the subsequent discrete planning stage as suggestions.

4.5.2 Discrete Planning

Discrete planning (Algorithm 2) performs two main tasks: i) it finds a collision-free discrete path from the

current position p towards the goal position g, and ii) it assigns durations to each segment of the discrete

path. The discrete path found at the discrete planning stage represents the homotopy class of the final

trajectory. Trajectories in the same homotopy class can be smoothly deformed into one another without

intersecting obstacles [9]. The subsequent trajectory optimization stage computes a smooth trajectory
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within the homotopy class. The trajectory optimization stage utilizes the discrete path to i) generate ob-

stacle avoidance constraints and ii) guide the computed trajectory by adding distance cost terms between

the discrete path and the computed trajectory. It uses the durations assigned by the discrete planning stage

as the piece durations of the piecewise trajectory it computes.

Finding a discrete path from the start position p to the goal position g is done with best-effort A∗

search (Line 2, Algorithm 2), which we define as follows. If there are valid paths from p to g, we find the

least-cost path among such paths. If no such path exists, we choose the least-cost path to the position that

has the lowest heuristic value (i.e., the position that is heuristically closest to g). This modification of A∗

search is done due to the fact that the goal position may not always be reachable, since the goal selection

stage does not enforce reachability.

The ego robot plans its path in a search grid where the grid has hypercubic cells (i.e. square in 2D,

cube in 3D) with edge size σ, which we call the step size of the search. The grid shifts in the environment

with the robot in the sense that the robot’s current position always coincides with a grid center. Let

F =W\(Ô ∪ Ŝ) be the free space within the workspace (Line 1, Algorithm 2). We do not map free space

F to the grid. Instead, we check if the robot shape swept along any segment on the grid is contained inF or

not, to decide if a movement is valid. This allows us to i) model obstacles and robot shapes independently

from the grid’s step size σ, and ii) shift the grid with no additional computation since we do not store

occupancy information within the grid.

The states during the search have two components: position π and direction∆. Robots are allowed to

move perpendicular or diagonal to the grid. This translates to 8 directions in 2-dimension, 26 directions

in 3-dimension. Goal states are states that have position g and any direction. We model directions using

vectors ∆ of d components where each component is in {−1, 0, 1}. When the robot moves 1 step along

direction∆, its position changes by σ∆. The initial state of the search is the ego robot’s current position

p and direction 0.
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Table 4.1: Discrete search actions and their costs.

Action Description Cost

ROTATE Change current direction to a new direction. 1

FORWARD

Move forward from the current position π along current

direction ∆ by the step size σ. It is only available when

∆ ̸= 0.
∥∆∥2

REACHGOAL

Connect the current position π to the goal position g
where step size of the grid is σ.

1 +
∥π−g∥2

σ

There are 3 actions in the search formulation: ROTATE, FORWARD, and REACHGOAL, summarized

in Table 4.1. ROTATE action has a cost of 1. The cost of the FORWARD action is the distance trav-

elled divided by the step size (i.e. cells travelled), which is equal to the size ∥∆∥2 of the direction vector.

REACHGOAL has the cost of one rotation plus cells travelled from π to goal position g: 1 +
∥π−g∥2

σ . One

rotation cost is there because it is almost surely required to do one rotation before going to goal from a

cell. ROTATE actions in all directions are always valid whenever the current state is valid. FORWARD and

REACHGOAL actions are valid whenever the robot shape R swept along the movement is contained in

free space F .

For any state (π,∆), we use the Euclidean distance from position π to the goal position g divided by

step size σ (i.e. cells travelled when π is connected to g with a straight line) as the admissible heuristic.

Lemma 3. In the action sequence of the resulting plan

1. each ROTATE action must be followed by at least one FORWARD action,

2. the first action cannot be a FORWARD action,

3. and no action can appear after REACHGOAL action.

Proof Sketch.

1. After each ROTATE action, a FORWARD action must be executed in a least-cost plan because i) a

ROTATE action cannot be the last action since goal states accept any direction and removing any ROTATE

action from the end would result in a valid lower cost plan, ii) the REACHGOAL action cannot appear
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after ROTATE action because REACHGOAL internally assumes robot rotation and removing the ROTATE

action would result in a valid lower cost plan, and iii) there cannot be consecutive ROTATE actions in a

least-cost path as each rotation has the cost of 1 and removing consecutive rotations and replacing them

with a single rotation would result in a valid lower cost plan.

2. The first action cannot be a FORWARD action since initial direction is set to 0 and FORWARD action

is available only when∆ ̸= 0.

3. No action after a REACHGOAL action can appear in a least cost plan because REACHGOAL con-

nects to the goal position, which is a goal state regardless of the direction. Removing any action after

REACHGOAL action would result in a valid lower cost plan.

By Lemma 3, the action sequence can be described by the following regular expression in POSIX-

Extended Regular Expression Syntax: ((ROTATE)(FORWARD)
+)∗(REACHGOAL){0,1}.

We collapse consecutive FORWARD actions in the resulting plan and extract discrete segments (Line 3,

Algorithm 2). Each (ROTATE)(FORWARD)
+
sequence and REACHGOAL becomes a separate discrete seg-

ment. Let {e1, . . . , eL} be the endpoints of discrete segments. We prepend the first endpoint to the end-

point sequence in order to have a 0-length first segment for reasons that we will explain in Section 4.5.3

(Line 4, Algorithm 2). The resulting L segments are described by L + 1 endpoints {e0, . . . , eL} where

e0 = e1. Example discrete paths for two robots are shown in Figure 4.4.

Next, we assign durations to each segment. The total duration of the segments is computed using

the ego robot’s maximum velocity γ1, the timestamp T ′
that the goal position should be reached by, and

the current timestamp T̃ . We use T ′ − T̃ as the desired duration of the plan. However, if T ′ − T̃ is

negative (i.e. T ′ < T̃ , meaning that the goal position should been reached in the past), or T ′ − T̃ is small

such that the robot cannot traverse the discrete segments even with its maximum velocity γ1, we adjust

the desired duration to a feasible one, specifically the total length of segments divided by the maximum

velocity (Line 6, Algorithm 2). We distribute the feasible duration to the segments except for the first
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(a) Goal Positions (b) Red Discrete Planning (c) Blue Discrete Planning (d) Discrete Paths

Figure 4.4: Discrete Planning. a) Goal positions of two robots computed at the goal selection stage are

given. b) Red robot plans a discrete path from its current position to its goal position on a search grid that

is aligned on its current position. c) Blue robot plans a discrete path from its current position to its goals

position on a search grid that is aligned on its current position. Computed discrete paths are prepended

with robot start positions to have 0-length first segments. d) The resulting discrete paths are given.

one, proportional to their lengths (Loop at line 8, Algorithm 2). We set the duration of the first segment,

which has zero length, to the safety duration s (Line 7, Algorithm 2); the reason for this will be explained

in Section 4.5.3.

The outputs of discrete planning are segments described by endpoints {e0, . . . , eL} with assigned

durations {T1, . . . , TL} that are used in the trajectory optimization stage.

4.5.3 Trajectory Optimization

In the trajectory optimization stage (Algorithm 3), we formulate a quadratic optimization problem (QP) to

compute a piecewise trajectory f(t) by smoothing discrete segments. The computed trajectory is collision-

free and continuous up to the desired degree of derivative. However, it may be dynamically infeasible (i.e.,

derivativemagnitudesmay exceed themaximumallowed derivativemagnitudes γk); this is resolved during

the subsequent temporal rescaling stage.

The decision variables of the optimization problem are the control points of an L-piece spline where

each piece is a Bèzier curve. The duration of each piece is assigned during discrete planning. Let T =∑L
i=1 Ti denote the total duration of the planned trajectory. The degree of the Bézier curves is tuned

with the parameter h. Let Pi,j ∈ Rd
be the jth control point of the ith piece where i ∈ {1, . . . , L}, j ∈

{0, . . . , h}. Let P = {Pi,j | i ∈ {1, . . . , L}, j ∈ {0, . . . , h}} be the set of all control points.
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Algorithm 3: TRAJECTORY-OPTIMIZATION

Input : {e0, . . . , eL} : Endpoints of discrete segments

Input : {T1, . . . , TL} : Durations of discrete segments

Input : S : Set of robot shapes
Input : O : Set of obstacles
Input : p : Current position
TaskInput:R : Collision shape function

TaskInput:W : Workspace

TaskInput: c : Degree of derivative up to which resulting trajectory must be continuous

Parameter: h : Degree of Bézier curves
Parameter: õ : Obstacle check distance

Parameter: r̃ : Robot check distance

Parameter: p̃ : Preferred distance to objects

Parameter: α : Preferred distance cost weight

Parameter: θ : Endpoint cost weights
Parameter: λ : Integrated derivative cost weights

Return : Potentially dynamically infeasible trajectory

1 QP is a quadratic program with variables P
2 ΥW ← BUFFER-WORKSPACE(W,R);
3 addWorkspaceConstraints(QP , ΥW )

4 Υi ← ∅ ∀i ∈ {1, . . . , L}
5 for ∀Sj ∈ S min-dist(Sj ,R(p)) ≤ r̃ do
6 Υ1 ← Υ1 ∪ {BUFFERED-SVM(Sj ,R(p),R)}
7 end
8 for i = 1→ L do
9 ζi ← region swept byR from ei−1 to ei

10 for ∀Q ∈ O min-dist(Q, ζi) ≤ õ do
11 Υi ← Υi ∪ {BUFFERED-SVM(Q, ζi,R)}
12 end
13 end
14 addCollAvoidanceConstraints(QP , Υ1, . . . ,ΥL)

15 addContinuityConstraints(QP , c, p, T1, . . . , TL)

16 addEnergyCostTerm(QP , λ, T1, . . . , TL)

17 addDeviationCostTerm(QP , θ, e1, . . . , eL)

18 Υ1 ← SHIFT-HYPERPLANES(Υ1, p̃)

19 addPreferredDistanceCostTerm(QP , Υ1, α)
20 f(t)← SOLVE-QP(QP )
21 return f(t)

4.5.3.1 Constraints

There are 4 types of constraints on the trajectory; all are linear in the decision variables P .
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1) Workspace constraints: We shift each bounding hyperplane of workspaceW (there are a finite num-

ber of such hyperplanes asW is a convex polytope) to account for the robot’s collision shapeR, such that

when the robot’s position is on the safe side of the shifted hyperplane, the entire robot is on the safe side

of the original hyperplane (Line 2, Algorithm 3).

Let ΥW be the set of shifted hyperplanes ofW . We constrain each control point of the trajectory to

be on the valid sides of the shifted hyperplanes (Line 3, Algorithm 3). Since Bézier curves are contained

in the convex hulls of their control points, constraining control points to be in a convex set automatically

constrains the Bézier curves to stay within the same convex set.

2) Robot-robot collision avoidance constraints: For robot-robot collision avoidance, recall that each robot

replans with the same period δt and planning is synchronized between robots.

At each iteration, the ego robot computes its SVM cell within the SVM tessellation of robots using

hard-margin SVMs. SVM tessellation is similar to Voronoi tesselation, the only difference is that pairwise

SVM hyperplanes are computed between collision shapes instead of Voronoi hyperplanes. We choose

SVM tessellation because i) hard-margin SVM is convex, hence pairs of robots can compute the same exact

hyperplane under the assumption of perfect sensing, ii) it allows for a richer set of collision shapes than

basic Voronoi cells, which is valid only for hyperspherical objects, and iii) SVM cells are always convex

unlike generalized Voronoi cells.

We buffer the ego robot’s SVM cell to account for its collision shape R, and constrain the first piece

of the trajectory to stay inside the buffered SVM cell (BSVM) (loop at Line 5, Algorithm 3). Only the first

piece of the trajectory is constrained to remain in the buffered SVM cell, since the entire planning pipeline

is run after δt, which is smaller than the duration s of the first piece. At that time, planning begins at a

new location, generating a new first piece that must remain in the new buffered SVM cell.

Buffering is achieved by changing the offset of the hyperplane. R(x) is the shape of the robot when

placed at x, defined as R(x) = {x} ⊕ R0, where R0 is the shape of the robot when placed the origin

44



and ⊕ is the Minkowski sum operator. Given a hyperplane with normal Hn and offset Ha, we find Ha′

that ensures R(x) is on the negative side of the hyperplane with normal Hn and offset Ha whenever

x is on the negative side of the hyperplane with normal Hn and offset Ha′ , and vice versa, by setting

Ha′ = Ha + maxy∈R0 Hn · y. The following shows that whenever R(x) is on the negative side of the

hyperplane (Hn,Ha), x is on the negative side of the hyperplane (Hn,Ha′). The converse can be shown

by following the steps backwards.

∀y ∈ R(x)Hn · y +Ha ≤ 0

=⇒ max
y∈R(x)

Hn · y +Ha ≤ 0

=⇒ max
y∈{x}⊕R0

Hn · y +Ha ≤ 0

=⇒ max
y∈R0

Hn · (y + x) +Ha ≤ 0

=⇒ Hn · x+Ha + max
y∈R0

Hn · y ≤ 0

Since the duration of the first piece was set to the safety duration s ≥ δt in discrete planning, the

robot stays within its buffered SVM cell for at least δt. Moreover, since planning is synchronized across all

robots, the pairwise SVM hyperplanes they compute will match, thus the buffered SVM cells of robots are

disjoint. This ensures robot-robot collision avoidance until the next planning iteration.

Computed SVMs and BSVMs are shown in Figure 4.5b for a two robot case.

To ensure that the number of constraints of the optimization problem does not grow indefinitely, SVM

hyperplanes are only computed against those robots that are at most r̃ away from the ego robot. This

does not result in unsafe trajectories so long as r̃ is more than the total maximum distance that can be

traversed by two robots while following the first pieces of their trajectories, for which an upper bound

is maxi,j∈{1,...,N}(γ
1
i si + γ1j sj), where si and sj are the durations of the first pieces of the trajectories of

robots i and j respectively.
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(a) Discrete Paths (b) Robot-robot Collision Avoidance

Constraints

(c) Active Set of Robot-obstacle Col-

lision Avoidance Constraints for the

Second Piece of the Blue Robot

(d) Active Set of Robot-obstacle Col-

lision Avoidance Constraints for the

Second Piece of the Red Robot

3

(e) Active Set of Robot-obstacle Col-

lision Avoidance Constraints for the

Third Piece of the Red Robot

(f) Computed Trajectories

Figure 4.5: Trajectory Optimization. a) Discrete segments of two robots computed at the discrete planning

stage. b) Robot-robot collision avoidance constraints are computed using BSVMs. The green hyperplane

is the SVM hyperplane between two robots. Each robot shifts the SVM hyperplane to account for its

geometry, and constrains the first piece of the trajectory with the resulting BSVM. c-d-e) Active set of

robot-obstacle collision avoidance constraints for three different pieces (one belonging to the blue robot,

two belonging to the red robot). In each figure, the region swept by the robot while traversing the segment

is shown in robot’s color. SVM hyperplanes between the swept region and the obstacles are given as light-

colored lines. SVM hyperplanes are buffered to account for the robot’s collision shape and shown as dark-

colored lines (BSVMs). The shift operations are shown as arrows. Obstacles and constraints generated

from them are colored using the same colors. For each piece, the feasible region that is induced by the

robot-obstacle collision avoidance constraints is colored in gray. f) Trajectories computed by the trajectory

optimization stage are given.
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3) Robot-obstacle collision avoidance constraints: Buffered SVM hyperplanes are used for robot-obstacle

collision avoidance as well. Let ζi ⊂ Rd
be the region swept by the ego robot while traversing the ith

segment from ei−1 to ei. We compute the SVM hyperplane between ζi and each object in O, buffer it

as explained before to account for robot’s collision shape, and constrain the ith piece by the resulting

buffered SVM (Loop at line 8, Algorithm 3). This ensures that trajectory pieces do not cause collisions

with obstacles.

The use of SVMs for collision avoidance against obstacles is a choice of convenience, as we already

use them for robot-robot collision avoidance. For robot-obstacle collision avoidance, one can use any

separating hyperplane between ζi and objects in O, while in the case of robot-robot collision avoidance,

pairs of robots must compute matching hyperplanes using the same algorithm.

Elements of the active set of SVM and BSVM hyperplanes for robot-obstacle collision avoidance are

shown in an example scenario in Figures 4.5c to 4.5e for three different pieces.

Similar to robot-robot collision avoidance, to ensure that the number of constraints of the optimization

problem does not grow indefinitely, we only compute SVM hyperplanes between ζi and obstacles that are

not more than õ away from ζi.

LetΥi be the set of buffered SVMhyperplanes that constrain the ith piece ∀i ∈ {1, . . . , L}. Υ1 contains

both robot-robot and robot-obstacle collision avoidance hyperplanes while Υj ∀j ∈ {2, . . . , L} contain

only robot-obstacle collision avoidance hyperplanes. This is because the first piece is the only piece that

we constrain with robot-robot collision avoidance hyperplanes because it is the only piece that will be

executed until the next planning iteration.

4) Continuity constraints: We add two types of continuity constraints: i) continuity constraints between

planning iterations, and ii) continuity constraints between trajectory pieces (Line 15, Algorithm 3).
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To enforce continuity between planning iterations, we add constraints that enforce

djf(0)

dtj
=

djp

dtj
∀j ∈ {0, . . . , c}

where c is the task input denoting the continuity degree up to which the resulting trajectory must be

continuous and p is the current position.

To enforce continuity between trajectory pieces, we add constraints that enforce

djfi(Ti)

dtj
=

djfi+1(0)

dtj

∀i ∈ {1, . . . , L− 1} ∀j ∈ {0, . . . , c}

where fi(t) is the i
th

piece of the trajectory.

Remark 1 discusses that the SVM problems generated during trajectory optimization are feasible, i.e.,

the trajectory optimization stage will always succeed constructing the QP.

Remark 1. All SVM problems generated for robot-robot and robot-obstacle collision avoidance from the dis-

crete path outputted by the discrete planning stage are feasible.

Reasoning. The discrete planning stage outputs a discrete path such that a robot with collision shape R

following the path does not collide with any obstacles in O or any other robots in S . It also ensures that

p = e0 since the search starts from the robot’s current position p. Hence, R(p) does not intersect with

any Sj ∈ S . Since each robot is assumed to be convex, there exists at least one hyperplane that separates

R(p) from Sj for each j by the separating hyperplane theorem. SVM is an optimal separating hyperplane

according to a cost function. Therefore, SVM problems betweenR(p) and Sj ∈ S for robot-robot collision

avoidance are feasible.
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Since the robot moving along the discrete segments is collision free, ζi is collision free for all i. Also,

since it is a sweep of a convex shape along a line segment, ζi is convex as shown in Lemma 5 in Appendix A.

Similar to the previous argument, since ζi is collision-free and convex and all obstacles in the environment

are convex, each SVM problem between ζi andQ ∈ O for robot-obstacle collision avoidance is feasible by

the separating hyperplane theorem.

Workspace, robot-robot collision avoidance, robot-obstacle collision avoidance, and position continu-

ity constraints are kinematic constraints. Higher-order continuity constraints are dynamic constraints.

Remark 2 discusses the ensured feasibility of the kinematic constraints. The feasibility of the dynamic

constraints cannot be ensured for arbitrary degrees of continuity.

Remark 2. Kinematic constraints of the optimization problem generated from a discrete path output from

the discrete planning stage are feasible for the same path when the degree of Bézier curves h ≥ 1.

Reasoning. Any Bézier curve with degree h ≥ 1 can represent a discrete segment by setting half of the

points to the start of the segment and other half to the end of the segment. Hence, we will only show that

a discrete path output from discrete planning stage by itself satisfies the kinematic constraints generated.

Remember that discrete path output from the discrete planning stage has the property p = e0 = e1.

Each robot-robot SVM problem is feasible (see Remark 1). Let Hn be the normal and Ha be the offset

of any of the robot-robot SVMs. It is shifted by setting the offset to Ha′ = Ha + maxy∈R0 Hn · y. The

point p satisfiesHn ·p+Ha′ ≤ 0 becauseR(p) is on the negative side of the SVM. The robot-robot BSVM

hyperplanes are used to constrain the first piece of the trajectory, and setting the first piece as a 0-length

segment with p = e0 = e1 satisfies the robot-robot collision avoidance constraints.

Each robot-obstacle SVM problem is feasible (see Remark 1). LetHn be the normal andHa be the offset

of any of the robot-obstacle SVMs that is between ζi and an obstacle. It is shifted by setting the offset to

Ha′ = Ha +maxy∈R0 Hn · y. All points on the line segment pi(t) = ei−1 + t(ei − ei−1), t ∈ [0, 1] from

49



ei−1 to ei satisfy the BSVM constraint because R(pi(t)) is on the negative side of the SVM hyperplane

∀t ∈ [0, 1]. Since each SVM hyperplane between ζi and obstacles is only used to constrain the ith piece,

constraints generated by it are feasible for the segment from ei−1 to ei.

The feasibility of the workspace constraints are trivial since the robot moving along discrete segments

is contained in the workspace, and we shift bounding hyperplanes of the workspace in the same way as

SVM hyperplanes. Hence, the discrete path satisfies the workspace constraints.

Initial point position continuity of the robot is satisfied by the given discrete segments since p =

e0. Position continuity between segments are trivially satisfied by the given discrete segments, since the

discrete path is position continuous by its definition.

4.5.3.2 Cost Function

The cost function of the optimization problem has 3 terms: i) energy usage, ii) deviation from the discrete

path, and iii) preferred distance to objects.

We use the sum of integrated squared derivative magnitudes as a metric for energy usage (Line 16, Al-

gorithm 3), similar to the works of Richter, Bry, and Roy [94] and Hönig et al. [39]. Parameters λ = {λj}

are the weights for integrated squared derivative magnitudes, where λj is the weight for jth degree of

derivative. The energy term Jenergy(P) is given as

Jenergy(P) =
∑
λj∈λ

λj

∫ T

0

∥∥∥∥djf(t)dtj

∥∥∥∥2
2

dt.

We use squared Euclidean distances between trajectory piece endpoints and discrete segment end-

points as a metric for deviation from the discrete path (Line 17, Algorithm 3). Remember that each Bézier
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curve piece i ends at its last control point Pi,h. Parameters θ = {θi} ∈ RL
are the weights for each

segment endpoint. The deviation term Jdev(P) is given as

Jdev(P) =
∑

i∈{1,...,L}

θi ∥Pi,h − ei∥22 .

The last term of the cost function models the preferred distance to objects. We use this term to discour-

age robots from getting closer to other objects in the environment; this increases the numerical stability

of the algorithm by driving robots away from tight states.

We shift each hyperplane in Υ1 (i.e., buffered SVM hyperplanes constraining the first piece) by the

preferred distance to objects, p̃, to create the preferred hyperplanes Υ1 (Line 18, Algorithm 3). Since each

robot replanswith the period δt, we add a cost term that drives the robot closer to the preferred hyperplanes

at the replanning period (Line 19, Algorithm 3). We take the sum of squared distances between f(δt) and

hyperplanes in Υ1:

Jpref (P) = α
∑
H∈Υ1

(
H⊤

n f(δt) +Ha

)2

where Hn is the normal and Ha is the offset of hyperplane H, and α is the weight of Jpref term. Notice

that this term is defined over the control points of first piece since δt ≤ s = T1, supporting the utilization

of Υ1 only.
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The overall trajectory optimization problem is:

min
P
Jenergy(P) + Jdev(P) + Jpref (P) s.t.

H⊤
nPi,j +Ha ≤ 0 ∀i ∈ {1, . . . , L}

∀j ∈ {0, . . . , h}

∀H ∈ Υi ∪ΥW

djf(0)

dtj
=

djp

dtj
∀j ∈ {0, . . . , c}

djfi(Ti)

dtj
=

djfi+1(0)

dtj
∀i ∈ {1, . . . , L− 1}

∀j ∈ {0, . . . , c}.

Notice that we formulate continuity and the safety of the trajectory using hard constraints. This en-

sures that the resulting trajectory is kinematically safe and continuous up to degree c if the optimization

succeeds for all robots and planning is synchronized.

4.5.4 Temporal Rescaling

At the temporal rescaling stage, we check whether the dynamic limits of the robot are violated. If the

resulting trajectory is valid, i.e. derivative magnitudes of the trajectory are less than or equal to the maxi-

mum derivative magnitudes γk ∀k ∈ {1, . . . ,K}, the trajectory is returned as the output of RLSS. If not,

temporal rescaling is applied to the trajectory similar to Hönig et al. [39] and Park et al. [78] by increasing

the durations of the pieces so that the trajectory is valid. We scale the durations of pieces by multiplying

them with a constant parameter greater than 1 and re-run the optimization until the dynamic limits are

obeyed or a predefined number of rescalings, which is a parameter, are applied. If the dynamic limits are

not obeyed after a predefined number of rescalings, the planning iteration fails.
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We choose to enforce dynamic feasibility outside of the trajectory optimization problem as a post

processing step because i) the output of the trajectory optimization stage is often dynamically feasible,

hence rescaling is rarely needed, and ii) adding piece durations as variables to the optimization problem

would make it a non quadratic program, potentially decreasing performance.

4.6 Evaluation

Here, using synchronized simulations, we first evaluate our algorithm’s performance when different pa-

rameters are used in Section 4.6.1. Second, we conduct an ablation study to show the effects of two im-

portant steps, namely the prepend operation of the discrete planning stage and the preferred distance cost

term of the trajectory optimization stage, to the performance of the algorithm in Section 4.6.2. Third, we

compare our algorithm to two state-of-the-art baseline planners in Section 4.6.3. Finally, we show our al-

gorithm’s applicability to real robots by using it on quadrotors and differential drive robots in Section 4.6.4.

We conduct our simulations on a laptop computer with Intel i7-8565U @ 1.80GHz running Ubuntu

20.04. We implement our algorithm for a single core because of implementation simplicity and fairness

to the baseline planners, which are not parallelized. The memory usage of each simulation is 30MB on

average for our algorithm.

In synchronized simulations, we compute trajectories for each robot using the same snapshot of the

environment, move robots perfectly according to computed trajectories for the re-planning period, and

replan. The effects of planning iterations taking longer than the re-planning period are not modeled in the

synchronized simulations. We show that all algorithms (RLSS and the baselines) can work in 1Hz−10Hz

on the hardwarewe use, and assert thatmore powerful computers can be used to shorten planning times. In

addition, parallelization of the A* search on GPUs is possible. For example, Zhou and Zeng [137] show the

possibility of 6 – 7 x speedup in A* search for pathfinding problems on GPUs. Moreover, parallelization of

quadratic program solving is possible through i) running multiple competing solvers in multiple cores and
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returning the answer from the first one that solves the problem, or ii) parallelizing individual solvers. For

instance, IBM ILOGCPLEXOptimizer
¶
andGurobi Optimizer

∥
support runningmultiple competing solvers

concurrently. IBM ILOG CPLEX Optimizer supports a parallel barrier optimizer
∗∗
, which parallelizes a

barrier algorithm for solving QPs. Gondzio and Grothey [36] propose a parallel interior point method

solver that exploits nested block structure of problems. Performance improvements of these approaches are

problem dependent, and we do not investigate how much the performance of our trajectory optimization

stage could be improved with such methods.

In all experiments, 32 robots are placed in a circle formation of radius 20m in 3D, and the task is to

swap all robots to the antipodal points on the circle. The workspaceW is set to an axis aligned bounding

box from

[
−25m −25m 0m

]⊤
to

[
25m 25m 5m

]⊤
. Robot collision shapes are modeled as axis

aligned cubeswith 0.2m edge lengths. The desired planning horizon τ is set to 5 s. The safety distanceD of

goal selection is set to 0.2m. Robots have velocity limit γ1 = 3.67 m
s , and accelaration limit γ2 = 4.88 m

s2
,

which are chosen arbitrarily. The safety duration s is set to 0.11 s and re-planning period δt is set to

0.1 s. We set integrated derivative cost weights λ1 = 2.0 for velocity and λ2 = 2.8 for acceleration. We

set endpoint cost weights to θ1 = 0, θ2 = 150, θ3 = 240, θi = 300 ∀i ≥ 4. Setting θ1 = 0 allows

the optimization to stretch the first 0-length segment freely, and setting other θs incrementally increases

the importance of tail segments. We set the preferred distance to objects to p̃ = 0.6m and the preferred

distance cost weight α = 0.3. We use the octree data structure from the octomap library [41] to represent

the environment. Each leaf-level occupied axis aligned box of the octree is used as a separate obstacle in all

algorithms. Octrees allow fast axis aligned box queries which return obstacles that intersects with a given

axis aligned box, an operation we use extensively in our implementation. For example, we use axis aligned

box queries in discrete planning as broadphase collision checkers to find the obstacles that are close to the

volume swept by the ego robot while traversing a given segment, and check collisions between the robot

¶https://www.ibm.com/docs/en/icos/22.1.0?topic=optimizers-concurrent-optimizer-in-parallel
∥https://www.gurobi.com/documentation/9.5/refman/concurrent_environments.html
∗∗https://www.ibm.com/docs/en/icos/22.1.0?topic=optimizers-using-parallel-barrier-optimizer
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traversing the segment and only the obstacles returned from the query. Also, to generate robot-obstacle

collision avoidance constraints, we execute axis aligned box queries around the segments to retrieve nearby

obstacles. We generate BSVM constraints only against nearby obstacles that are no more than õ away from

the robot traversing the segment. Other popular approaches for environment representations include i)

Euclidean signed distance fields (ESDFs) [74], which support fast distance queries to nearest obstacles, ii)

3D circular buffers [118], which aim to limit memory usage of maps and supports fast occupancy checks,

and iii) Gaussian mixture models [72], which continuously represent occupancy instead of discretizing

the environment as the former approaches do. None of these representations are as suitable as octrees

for RLSS since they do not allow fast querying of obstacles in the vicinity of segments. We use the IBM

ILOG CPLEX Optimizer
††

to solve our optimization problems. In all experiments, robots that are closer

than 0.25m to their goal positions are considered as goal reaching robots. If a robot that has not reached

its goal does not change its position more than 1 cm in the last 1 s of the simulation, it is considered as

a deadlocked robot. At any point of the simulation, if each robot is either at the goal or deadlocked, we

conclude the simulation.

4.6.1 Effects of Selected Parameters

We evaluate the performance of our algorithm when 4 important parameters are changed: step size σ of

the search grid, degree h of Bézier curves, obstacle check distance õ, and robot check distance r̃. Step size

σ of the search grid is the parameter that affects discrete planning performance most because it determines

the amount of movement at each step during the A∗
search. The degree h of Bézier curves is important

in trajectory optimization because it determines the number of decision variables. The obstacle check

distance õ and robot check distance r̃ determine the number of collision avoidance constraints in the

optimization problem.

††https://www.ibm.com/analytics/cplex-optimizer
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Figure 4.6: Average computation time per stage are given when different parameters are used. Goal selec-

tion and temporal rescaling steps are given as "other" since they take a small amount time compared to

other two stages. All experiments are done in a 3D random forest environment with 10% occupancy.
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Figure 4.7: Average navigation duration of robots from their start positions to their goal positions are given

when the selected parameters are changed. In all cases, average navigation duration is not affected by the

changes in the selected parameters in the chosen ranges.

In all of the parameter evaluations, we use a random 3D forest environment with octree resolution

0.5m in which 10% of the environment is occupied. There are 2332 leaf-level boxes in octree, translating

to 2332 obstacles in total. We set the desired trajectory of each robot to the straight line segment that

connects the robot’s start and goal positions. We set the duration of the segment to the length of the line

segment divided by the maximum velocity of the robot. We enforce continuity up to velocity, hence set

c = 1.

In our experiments, our algorithm does not result in any collisions or deadlocks.

We report average computation time per iteration (Figure 4.6) and average navigation duration of

robots (Figure 4.7). Average navigation duration is the summed total navigation time for all robots divided

by the number of robots.
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4.6.1.1 Step Size of Discrete Search

We evaluate our algorithm’s performance when step size σ is changed. We set σ to values between 0.25m

to 1.5m with 0.25m increments. We set obstacle check distance õ = 1.0m, robot check distance r̃ =

2.0m, and degree of Bézier curves h = 12 in all cases, which are determined by premiliminary experiments

and the results of the experiments in Sections 4.6.1.2 to 4.6.1.4. The results are summarized in Figure 4.6a

and Figure 4.7a.

As the step size gets smaller, discrete search takes more time; but the algorithm can still work in about

2Hz even when σ = 0.25m. The average navigation duration of robots are close to 22.5 s in each case,

suggesting the robustness of the algorithm to the changes in this parameter. At σ ≥ 0.75, the time discrete

planning takes is less than 6% of the time trajectory optimization takes.

We also run the algorithmwith σ = 3m, σ = 6m, and σ = 12m, which decreases the flexibility of the

discrete search considerably. In all of those cases, discrete search results in fluctuations, and some robots

get stuck in livelocks, in which they move between same set of positions without reaching to their goal

positions.

4.6.1.2 Degree of Bézier Curves

Next, we evaluate our algorithm’s performance when the degree h of Bézier curves is changed. We set h

to values in {5, . . . , 12}. We set step size σ = 0.77m, obstacle check distance õ = 1.0m, and robot check

distance r̃ = 2.0m, which are determined by premiliminary experiments and the results of the experiments

in Sections 4.6.1.1, 4.6.1.3 and 4.6.1.4. The results are summarized in Figure 4.6b and Figure 4.7b.

Even if the degree of the Bézier curves determine the number of decision variables of the trajectory

optimization, the computation time increase of the trajectory optimization stage is not more than 10%

between degree 5 Bézier curves and degree 12 Bézier curves. Also, average navigation duration of robots
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are close to 22.5m in each case, suggesting the robustness of the algorithm to the changes in this parameter

as well.

4.6.1.3 Obstacle Check Distance

Next, we evaluate our algorithm’s performance when the obstacle check distance õ is changed. We set

õ to values between 0.5m and 3m with 0.5m increments. Since the replanning period δt = 0.1 s, and

maximum velocity γ1 = 3.67m
s , the maximum amount of distance that can be traversed by a robot until

the next planning iteration is 0.367m. The obstacle check distance must be more than this value for safety.

We set step size σ = 0.77m, robot check distance r̃ = 2.0m, and degree of Bézier curves h = 12, which

are determined by premiliminary experiments and the results of the experiments in Sections 4.6.1.1, 4.6.1.2

and 4.6.1.4. The results are summarized in Figure 4.6c and Figure 4.7c.

The obstacle check distance is the most important parameter that determines the speed of trajectory

optimization, and hence the planning pipeline. As õ increases, the number of SVM computations and the

number of constraints in the optimization problem increases, which results in increased computation time.

Average navigation durations of the robots are close to 22.5m in all cases, suggesting the robustness of

the algorithm to this parameter. We explain the reason of this robustness as follows. All obstacles are

considered during discrete search and õ determines the obstacles that are considered during trajectory

optimization. Therefore, the path suggested by the discrete search is already very good, and obstacle

avoidance behavior of trajectory optimization is only important when the discrete path is close to obstacles.

In those cases, all obstacle check distances capture the obstacles in the vicinity of the path. Therefore, the

quality of the planned trajectories does not increase as õ increases.
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4.6.1.4 Robot Check Distance

Last, we evaluate our algorithm’s performance when the robot check distance r̃ is changed. We set r̃ to

values between 1m and 3.5m with 0.5m increments. Robot check distance must be at least twice the

amount of distance that can be traversed by the robot in one planning iteration, i.e. 0.734m, because two

robots may be travelling towards each other with their maximum speed in the worst case. We set step size

σ = 0.77m, obstacle check distance õ = 1.0m, and degree of Bézier curves h = 12, which are determined

by premiliminary experiments and the results of the experiments in Sections 4.6.1.1 to 4.6.1.3.

The speed of the algorithm is not affected by the robot check distance considerably, because there are

32 robots in the environment, and from the perspective of the ego robot, there are at most 31 constraints

generated from other robots. Since there are more than 2000 obstacles in the environment, effects of the

obstacle check distance are more drastic than robot check distance. Similar to other cases, average navi-

gation duration of the robots is not affected by the choice of r̃ because constraints generated by the robots

far away do not actually constrain the trajectory of the ego robot since the ego robot cannot move faster

than its maximum speed and hence the first piece of the trajectory is never affected by those constraints.

Overall, RLSS does not result in collisions or deadlocks when parameters are not set to extreme values.

In addition, changes in parameters, outside of extreme ranges, do not result in significant changes in the

average navigation durations. These suggest that RLSS does not need extensive parameter tuning.

4.6.2 Ablation Study

We investigate the effects of i) the prepend operation of the discrete planning stage (Line 4, Algorithm 2)

and ii) the preferred distance cost termJpref of the trajectory optimization stage to the performance of the

algorithm. The prepend operation enables the kinematic feasibility of the generated optimization problem

as shown in Remark 2. The preferred distance cost term increases the numerical stability of the algorithm

by encouraging robots to create a gap between themselves and other objects.
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Table 4.2: The results of the ablation study. We compare four different versions of RLSS. We ablate i) the

prepend operation of the discrete planning stage and ii) the preferred distance cost term of the trajectory

optimization stage. The details of the metrics are given in Section 4.6.2. The reported values are means

and standard deviations (given in parentheses) of 10 experiments in randommaze-like environments. Both

prepend operation and preferred distance cost term are important for the effectiveness of the algorithm.

Fail Rate # Coll. Avg. Nav. Dur [s]

RLSS 0.89 (1.45) / 7904 (297) 0 (0) 24.68 (0.93)
RLSS w/o pref. dist. 4.78 (9.81) / 8194 (489) 0.67 (1) 25.58 (1.53)

RLSS w/o prepend 1556 (120) / 12220 (538) 6.78 (3.73) 38.17 (1.68)

RLSS with neither 1569 (101) / 14778 (412) 8.67 (2.87) 46.16 (1.29)

We consider four versions our algorithm: RLSS, RLSSwithout the prepend operation (RLSSw/o prepend),

RLSS without the preferred distance cost term (RLSS w/o pref. dist.) and RLSS with neither. We set step

size σ = 0.77m, obstacle check distance õ = 1.0m, robot check distance r̃ = 2.0m, degree of Bézier

curves h = 12, and c = 1 (continuity up to velocity). Robots navigate in 3D maze like environments. The

desired trajectories are set to straight line segments connecting robot start positions to goal positions and

the durations of the segments are set to the length of the line segments divided by the maximum speed

of the robots. During simulation, robots continue using their existing plans when planning fails. Also,

colliding robots continue navigating and are not removed from the experiment.

We generate ten 3D-maze like environments and list the average and standard deviation values for

our metrics in Table 4.2. We report the failure rate of all algorithms in the form of the ratio of number of

failures to the number of planning iterations (Fail Rate column), the number of robots that are involved in

at least one collision during navigation (# Coll. column) and the average navigation duration of all robots

(Avg. Nav. Dur. column).

The failure rate of RLSS is 0.01% on average. RLSS w/o pref. dist. fails 0.06% of the time. RLSS w/o

prepend fails 12.73% of the time. This is drastically more than RLSS w/o pref. dist because our prepend

operation ensures the kinematic feasibility of the optimization problem while our preferred distance cost

term tackles numerical instabilities only. RLSSwith neither results in a failure rate of 10.62%. Interestingly,
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RLSS with the preferred distance cost term but without the prepend operation (RLSS w/o prepend) results

in a higher failure rate than RLSS with neither. We do not investigate the root cause of this since failure

rates in both cases are a lot higher than of RLSS.

The effects of failures are seen in the next two metrics. RLSS results in no collisions. The number of

colliding robots increase to 0.67 in RLSS w/o pref. dist, 6.78 in RLSS w/o prepend and 8.67 in RLSS with

neither on average. The average navigation duration of robots is lowest in RLSS. It increases by 3.65% in

RLSS w/o pref. dis, 54.66% in RLSS w/o prepend and 87.03% in RLSS with neither compared to RLSS.

These results show that the prepend operation is more important than the preferred distance cost term

for the success of the algorithm. Nevertheless, RLSS needs both to be safe and effective.

4.6.3 Comparisons with Baseline Planners

We compare the performance of our planner to two baseline planners that do not require communication

in 3D experiments. We set step size σ = 0.77m, obstacle check distance õ = 1.0m, robot check distance

r̃ = 2.0m, and degree of Bézier curves h = 12 in RLSS in all cases.

4.6.3.1 Extended Buffered Voronoi Cell (eBVC) Planner

The first baseling planner is a MPC-style planner based on buffered Voronoi cells introduced by Zhou

et al. [135], which we call BVC. In the BVC approach, each robot computes its Voronoi cell within the

Voronoi tesselation of the environment. This is done by using the position information of other robots.

Robots buffer their Voronoi cells to account for their collision shapes and plan their trajectories within their

corresponding buffered Voronoi cells. Similar to RLSS, BVC does not require any communication between

robots, requires perfect sensing of robot positions in the environment, and the resulting trajectories are

safe only when planning is synchronized between robots. They also require that each robot stays within

its buffered Voronoi cell until the next planning iterations. Unlike RLSS, BVC is based on buffered Voronoi
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cells and it cannot work with arbitrary convex objects. Instead, robots are modeled as hyperspheres in

BVC.

The original formulation presented in the BVC article only allows position state for the robots, which

cannot model a rich set of dynamics, including double, triple, or higher order integrators. We extend their

formulation to all discrete linear time invariant systems with position output. We define the systems with

three matrices A,B,C. Since the output of the system is the position of the robot, it cannot depend on

the current input, henceD = 0. This allows us to formulate the problem for a richer set of dynamics and

have constraints on higher order derivatives than robot velocity.

BVC as published also does not consider obstacles in the environment. We extend their formulation to

static obstacles by modeling obstacles as robots. Since obstacles are static, they stay within their buffered

Voronoi cells at all times. Since we model obstacles as robots, extended BVC does not require the ability

of distinguishing robots from obstacles.

Our extended BVC formulation, which we call eBVC, is as follows:

min
u0,...,uM−1

M∑
i=1

λi

∥∥∥pi − d(T̃ +M∆t)
∥∥∥2
2
+

M−1∑
i=0

θi ∥ui∥22 s.t.

xi+1 = Axi +Bui ∀i ∈ {0, . . . ,M − 1}

pi = Cxi ∀i ∈ {0, . . . ,M}

pi ∈ V ∀i ∈ {0, . . . ,M}

pi ∈ W ∀i ∈ {0, . . . ,M}

umin ⪯ ui ⪯ umax ∀i ∈ {0, . . . ,M − 1}

xmin ⪯ xi ⪯ xmax ∀i ∈ {0, . . . ,M}

62



where T̃ is the current timestamp, d(t) is the desired trajectory for the robot, ∆t is the discretization

timestep of the system, M is the number of steps to plan for, ui is the input to apply from timestep i to

i+1, xi is the state at timestep i, pi is the position at timestep i, V is the buffered Voronoi cell of the robot,

umin and umax are the limits for the inputs, xmin and xmax are the limits for the states (which can be used

to bound velocity in a double integrator system, or velocity and acceleration in a triple integrator system

for example), andW is the workspace of the robot. M∆t is the planning horizon. A robot plans toward the

position d(T̃ +M∆t), which is the position of the robot after the planning horizon if it could follow the

desired trajectory perfectly. x0 is the current state of the robot. The first term of the cost function penalizes

deviation from the goal position for the final and each intermediate position with different weights λi. The

second term of the cost function is the input cost that penalizes input magnitudes with different weights

θi. We apply the first input of the solution for duration∆t, and replan at the next timestep.

We use our own implementation of eBVC as explained above during the comparisons.

4.6.3.2 Relative Safe Flight Corridor (RSFC) Planner

The second planner we compare against is presented by Park and Kim [77], in which piecewise Bézier

curves are computed, executed for a short duration, and replanning is done at the next iteration similar

to our work. It utilizes the fact that the difference of two Bézier curves is another Bézier curve by con-

straining these relative Bézier curves to be inside safe regions (relative safe flight corridors, or RSFCs)

defined according to robot collision shapes. We call this algorithm RSFC for short. RSFC does not require

any communication between robots. It utilizes both positions and velocities of other objects in the envi-

ronment, hence requires more sensing information than our algorithm. Velocities are used to predict the

trajectories of other robots as piecewise Bézier curves. While it can handle dynamic obstacles as well, we

use it in static environments in our comparisons, since RLSS does not handle dynamic obstacles explicitly.

We use the authors’ implementation of RSFC during our comparisons.
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Table 4.3: The results of the comparisons of RLSS, eBVC, and RSFC are summarized. Each experiment differ

in themap used during navigation, prior map used during desired trajectory computation, and the required

degree of continuity. RLSS results in longer navigation durations than eBVC and RSFC on average; but

eBVC suffers from deadlocks in environmentswith obstacles and RSFC results in collisions in environments

with obstacles.

Experiment Map Prior Map Continuity Algorithm # Deadlocks # Coll. Robots Avg. Collision Dur. [s] Avg. Nav. Dur. [s] Avg. Comp. Time [ms]

1

empty empty

velocity

RLSS 0 0 NA 22.37 107

eBVC 0 0 NA 18.50 106

2 acceleration

RLSS 0 0 NA 22.12 110

eBVC 0 0 NA 20.65 161

RSFC 0 0 NA 19.83 47

3

forest forest

velocity

RLSS 0 0 NA 23.11 182
eBVC 10 7 0.53 18.94 387

4 acceleration

RLSS 0 0 NA 23.06 147
eBVC 8 13 0.83 21.24 763

5

forest empty

velocity

RLSS 0 0 NA 22.62 192
eBVC 8 24 1.35 18.54 186

6 acceleration

RLSS 0 0 NA 22.72 244

eBVC 11 15 0.71 21.28 970

RSFC 0 6 0.42 21.82 201

7

maze maze

velocity

RLSS 0 0 NA 25.09 160

eBVC 21 9 0.67 20.12 145

8 acceleration

RLSS 0 0 NA 25.32 170
eBVC 17 13 1.49 23.80 264

9

maze empty

velocity

RLSS 0 0 NA 27.98 410

eBVC 32 0 NA NA 176

10 acceleration

RLSS 0 0 NA 32.04 386

eBVC 30 2 3.26 21.75 407

RSFC 0 22 0.34 28.23 80

4.6.3.3 Experiments & Results

We compare RLSS against eBVC and RSFC in 10 different experiments differing in required degree of

continuity, desired trajectories, and map of the environment. In all experiments, 32 robots are placed in a

circle formation with radius 20m in 3D. The task is to swap the positions of robots to the antipodal points

on the circle. The results of the experiments are summarized in Table 4.3.

There are 3maps we use: empty, forest (Figure 4.8a), and maze (Figure 4.8b), listed in the map column

of Table 4.3. In the empty map, there are no obstacles in the environment. The forest map is a random

forest with 10% occupancy; it has a radius of 15m and each tree is a cylinder with radius 0.5m. The maze

map is a maze-like environment with choke regions.

We compute the desired trajectories of the robots by running a single-agent shortest path using the

discrete planning stage of RLSS. We run single-agent shortest path on a prior map, which is set to either

a full map of the environment or to an empty map; this is listed in the prior map column of Table 4.3.
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(a) Experiment 4 Desired Trajectories (Side View) (b) Experiment 7 Desired Trajectories (Side View)

(c) Experiment 4 Executed Trajectories (RLSS / Top

View)

(d) Experiment 7 Executed Trajectories (RLSS / Top

View)

Figure 4.8: Desired trajectories and the used forest map of experiment 4 is given in (a). Same forest map is

used in each forest experiment. Desired trajectories and the used maze map of experiment 7 is given in (b).

Same maze map is used in each maze experiment. (c) shows the executed trajectories of robots running

RLSS from top in experiment 4. (d) shows the executed trajectories of robots running RLSS from top in

experiment 7.
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When the prior map is empty, single-agent shortest paths are straight line segments connecting robot

start positions to robot goal positions.

We set two different continuity requirements: velocity and acceleration, listed in the continuity column

of Table 4.3. When velocity continuity is required, the system of eBVC is a double integrator with position

output. When acceleration continuity is required, the system of eBVC is a triple integrator with position

output.

We compare RSFC to RLSS and eBVC only with acceleration continuity requirement because the au-

thors’ implementation hard codes the acceleration continuity requirement, while in theory it can work

with any degree. Also, we compare RSFC only in the case of an empty prior map in order not to change

RSFC’s source code, while in theory it can be guided with arbitrary trajectories.

We plan for 5 s long trajectories in every 0.1 s with all algorithms. In eBVC, we plan forM = 50 steps

with discretization timestep ∆t = 0.1 s. We set state and input upper and lower bounds in eBVC in order

to obey the dynamic limits of the robots. We set distance to goal weights λ1 = 120, λi = 20 ∀i ≥ 2 in

eBVC, putting more importance on the position of the robot after 1 timestep. We set θi = 1 ∀i in eBVC.

Both eBVC and RSFC require spherical obstacles. We use the smallest spheres containing each leaf-

level box of the octree structure as obstacles in eBVC and RSFC. Similar to RLSS, we use robot and obstacle

check distance to limit the number of obstacles considered at each iteration. We set both obstacle and robot

check distance õ = r̃ = 2.0m in eBVC, and set õ = r̃ = 5.0m in RSFC, since smaller values in RSFC result

in a high number of collisions and higher values for the parameters do not improve the success of the

algorithms. Robots are modeled as spheres in eBVC and RSFC as well. We set robot shapes to spheres with

radius 0.173m, which are the smallest spheres containing the actual robot shapes. We count collisions

only when contained leaf-level octree boxes and contained robot shapes intersect. This gives both eBVC

and RSFC buffer zones for collisions.
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We report the number of deadlocking robots (# Deadlocks column in Table 4.3), number of robots that

are involved in at least one collision (# Coll. Robots column in Table 4.3), collision duration of robots that are

involved in collisions averaged over robots (Avg. Collision Dur. column in Table 4.3), average navigation

duration of non-deadlocking robots from their start positions to goal positions (Avg. Nav. Dur. column

in Table 4.3), and computation time per iteration averaged over each planning iteration of each robot (Avg.

Comp. Time column in Table 4.3). We continue the navigation of colliding robots and do not remove them

from the experiment.

Executed trajectories of robots running RLSS are shown in Figure 4.8c for experiment 4, and in Fig-

ure 4.8d for experiment 7 as examples.

RLSS does not result in any deadlocks or collisions in all cases. eBVC has a significant number of

deadlocks and RSFC results in collisions in experiments with obstacles.

When there are no obstacles in the environment, e.g., in experiments 1 and 2, no algorithm results in

deadlocks or collisions. When velocity continuity is required, e.g., in experiment 1, the average navigation

duration of robots running eBVC is 18% lower than those that run RLSS. Both eBVC and RLSS run close

to 9Hz on average. When acceleration continuity is required, e.g., in experiment 2, the average navigation

duration of robots running RSFC is 10% lower than those that run RLSS; and the average navigation

duration for eBVC is 7% lower than that for RLSS. RLSS runs at about 9Hz on average, eBVC runs close to

6Hz on average, and RSFC runs close to 21Hz on average. When there are no obstacles in the environment,

the discrete search of RLSS results in unnecessary avoidance movements, which is the main reason for

average navigation duration differences.

When there are obstacles in the environment, performance of both eBVC and RSFC degrades in terms

of the number of deadlocks and collisions.

In experiment 3, even if the full prior map of the environment is given during initial discrete search

with only velocity continuity, 10 out of 32 robots deadlock, and 7 out of the remaining 22 get involved
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in at least one collision when eBVC is used. When acceleration continuity is required (experiment 4), 8

robots deadlock and 13 other robots get involved in collisions, resulting in only 11 robot reaching their

goal volumes without collisions in eBVC. RLSS both works faster than eBVC and results in no deadlocks

or collisions in those cases.

When the prior map is not known in the forest environment (experiments 5 and 6), eBVC results in a

lot of deadlocks and collisions. All robots in experiment 5 either deadlock or collide when eBVC is used.

In experiment 6, RSFC does a lot better than eBVC. RSFC results in no deadlocks while eBVC results in

11 deadlocks. 15 out of remaining 21 robots get involved in at least one collision when eBVC is used with

an average collision duration of 0.71 s. 6 out of 32 robots running RSFC collide at least once with average

collision duration of 0.42 s. RLSS does not result in any deadlocks or collisions.

When the environment is a complicatedmaze, the performance of both eBVC and RSFC degrades more.

With full prior map and velocity continuity (experiment 7), 21 out of 32 robots deadlock, 9 out of remaining

11 are involved in collisions, leaving only 2 reaching to their goal volumes without an incident when eBVC

is used. With full prior map and acceleration continuity (experiment 8), 17 out of 32 robots deadlock, 13

out of remaining 15 are involved in collisions, again leaving only 2 that reach their goal volumes without

incident when eBVC is used. RLSS does not result in any deadlocks or collisions in these scenarios. When

the prior map is empty, i.e. the desired trajectories are straight line segments, the performance of eBVC

degrades even more. All robots deadlock in the case with velocity continuity (experiment 9), while 30

out of 32 robots deadlock and the rest get involved in collisions in the case with acceleration continuity

(experiment 10). No robot running RSFC deadlocks but 22 out of 32 get involved in collisions at least once

with 0.34 s average collision duration in experiment 10 with acceleration continuity. RLSS does not result

in any deadlocks or collisions in those cases.

Overall, robots running RLSS have higher navigation durations than those that use eBVC or RSFC in

all experiments. While the higher navigation duration is not an important metric when other algorithms
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cause deadlocks or collisions, it is an important metric when they do not (experiments 1 and 2 with no

obstacles in particular). eBVC does not have an integrated discrete planner, which is the reason for its good

performance in terms of average navigation durations. When robots are close to each other, RLSS uses the

free space less effectively since discrete planning has a step size 0.77m. eBVC does not rely on discrete

planning and hence avoids other robots by executing small direction changes. RSFC utilizes velocities of

other robots on top of positions, which allows it to estimate the intents of robots more effectively, resulting

in a better usage of the free space, and hence results in better navigation durations on average. Since RLSS

does not utilize communication and uses only positions of other robots, it cannot deduce the intents of

other robots. This results in fluctuations of plans between planning iterations, which increases the average

navigation durations of robots. Fluctuations of plans increase when the environment is dense as seen in

the supplemental video
‡‡
. If the environment becomes overly constraining, e.g. tens of robots trying to

pass through a narrow tube, these fluctuations may turn into livelocks.

However, when obstacles are introduced in the environment, the performance of RLSS is better than

other algorithms. eBVC suffers greatly from deadlocks. RSFC does not result in deadlocks but results in

collisions, even while using more information than RLSS (velocity and position instead of position only).

Anote about the statistical significance of the results: In each experiment, we run each algorithm

on single randomly generated forest-like or maze-like environment. To show that the results are consistent

for environment types, we generate 10 forest-like environments with the same parameters for experiment

3 and run RLSS and eBVC. RLSS does not result in deadlocks or collisions in any of the cases. The average

navigation duration of robots averaged over 10 environments is 19.15 s with standard deviation 0.24 s for

eBVC and 23.59 swith standard deviation 0.25 s for RLSS. The ratio between average navigation durations

when eBVC or RLSS is used is consistent with the reported values given in Table 4.3 for experiment 3.

‡‡https://youtu.be/Jrdvf2qyzrg
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(a) Heterogeneous team of differential drive robots nav-

igating through an environment without obstacles. A

person changes the positions of the robots while RLSS

is running.

(b) 6 Crazyflie 2.0s are navigating through an environ-

ment without obstacles.

(c) 6 Crazyflie 2.0s are navigating through an environ-

ment with obstacles.

(d) 6 Crazyflie 2.0s are navigating through an environ-

ment with obstacles. A person changes the positions of

the robots while RLSS is running.

Figure 4.9: Physical robot experiments using Turtlebot2s, Turtlebot3s, iRobot Create2s, and Crazyflie 2.0s.

RLSS works in real-time under external disturbances.

4.6.4 Physical Robots

We implement and run RLSS on physical robots using iRobot Create2s, Turtlebot2s and Turtlebot 3s in 2D;

and Crazyflie 2.0s in 3D. We use a VICON motion tracking system for localization. Robots do not sense,

but receive the position of others using the VICON system. iRobot Create2s, Turtlebot3s, and Turtlebot2s

are equipped with ODROID XU4 and ODROID C1+ single board computers running ROS Kinetic on the

Ubuntu 16.04 operating system. In all cases the algorithm is run on a centralized base station computer us-

ing separate processes for each robot. Therefore, unlike simulations, planning is not synchronized between

70



robots on real robot implementations. RLSS does not result in any deadlocks in collisions in these asyn-

chronized deployments as well. Commands are sent to 2D robots over a WiFi network, and to Crazyflie

2.0s directly over their custom radio.

We conduct external disturbance experiments with 2 iRobot Create2s, 3 Turtlebot3s, and 2 Turtlebot2s

(Figure 4.9a). A human changes the positions of some robots by moving them arbitrarily during execution

several times. In all cases, robots replan in real-time and avoid each other successfully.

We demonstrate the algorithm in 3D using 6 Crazyflie 2.0s. We conduct an experiment without obsta-

cles in which Crazyflies swap positions with straight lines as desired trajectories (Figure 4.9b). In another

experiment, we show that Crazyflies can navigate through an environment with obstacles (Figures 4.9c

and 4.9d). In each case, we externally disturb the Crazyflies and show that they can replan in real-time.

The recordings for our physical robot experiments are included in the supplemental video
§§
.

4.7 Conclusion

In this chapter, we present RLSS, a real-time decentralized long horizon trajectory planning algorithm for

the navigation of multiple robots in shared environments with obstacles that provides guarantees on col-

lision avoidance if the resulting problems are feasible. The generated optimization problem to compute

a smooth trajectory is kinematically feasible. It does not require any communication between robots, re-

quires only position sensing of obstacles and robots in the environment, and robots to be able to distinguish

other robots from obstacles. With its comparativelyminimal sensing requirements and no reliance on com-

munication, it presents a new baseline for algorithms that require communication and sensing/prediction

of higher order state components of other robots. The algorithm considers the dynamic limits of the robots

explicitly and enforces safety using hard constraints.

§§

Since we define robots’ goals as single points, i.e. sets of measure zero, in physical experiments, robots keep missing their

goals slightly. This results in a spinning behavior in 2D since robots continuously fix their positions by replanning.
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We show in synchronized simulation that RLSS performs better than two state-of-the-art planning al-

gorithms (eBVC and RSFC), one of which requires velocity sensing on top of position sensing, in environ-

ments with obstacles in terms of number of deadlocks and number of colliding robots. In our experiments,

RLSS does not result in any deadlocks or collisions, while eBVC suffers from deadlocks and RSFC results in

collisions (while RLSS provides theoretical guarantees on collision avoidance when it succeeds, it does not

provide theoretical guarantees on deadlock avoidance). When there are no obstacles in the environment,

RSFC and eBVC outperform RLSS in terms of average navigation duration by 7% to 20%.
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Chapter 5

Decentralized Real-time Multi-robot Trajectory Planning for

Asynchronous Teammate Avoidance

The assumption of the synchronization between robots in the previous chapter may result in unsafe be-

havior because of asynchronous planning inherent in decentralized deployments.

In this chapter, we present a novel overconstraining and constraint-discarding method for real-time,

decentralized, multi-robot trajectory planning that ensures collision avoidance under asynchronous de-

cision making. Our approach utilizes communication between robots. The communication medium is

best-effort: messages may be dropped, re-ordered or delayed. Robots conservatively constrain themselves

against others assuming they may be working with outdated information, and discard constraints when

they receive update messages from others. Our method can augment existing synchronized decentral-

ized receding horizon planning algorithms that utilize separating hyperplanes for collision avoidance, e.g.,

RLSS (Chapter 4) or BVC [135], thereby making them applicable to asynchronous setups. As an example,

we extend an existing model predictive control based, synchronized, decentralized multi-robot planner,

i.e., BVC [135], using our method. We show our method’s effectiveness under asynchronous planning and

imperfect communication by comparing our extension to the base version. Our extension does not result

in any collisions or synchronization-induced deadlocks to which the base version is prone.

This chapter is based on Baskın Şenbaşlar and Gaurav S Sukhatme. “Asynchronous Real-time Decentralized Multi-Robot

Trajectory Planning”. In: 2022 IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS). 2022, pp. 9972–9979.
doi: 10.1109/IROS47612.2022.9981760.
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Figure 5.1: Twelve quadrotors navigating in close proximity to each other. Multi-robot trajectory planning

is a central problem in close proximity scenarios. Our approach ensures collision and synchronization-

induced deadlock avoidance between robots when planning is decentralized and asynchronous.

5.1 Introduction

One often-overlooked problem in decentralized multi-robot planning algorithms is the inherent asyn-

chronicity that stems from the planning system. First, since each robot plans for itself, synchronization of

when planning starts is not practical. Since planning start time points are not synchronized, robots use

different snapshots of the environment while planning, which causes disagreements between them on the

definitions of safety. Second, planning end time points between robots are not synchronized, which means

that different robots start executing plans at different times, causing disagreements during plan switching,

leading to disagreements on the definitions of safety as well. Additionally, there is asynchronicity intro-

duced by the communication network – when robots use a communication channel to coordinate their

actions, their messages may get delayed, dropped or re-ordered.

We propose a novel approach which ensures that robots do not collide with each other when planning

is asynchronous and the communication medium is an imperfect best-effort network. Our contributions

are as follows:

• We definemutually computable separating hyperplane trajectories that form the basis of our

approach.
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• Using these trajectories, we propose a novel overconstraining and constraint-discarding sys-

tem for decentralized multi-robot asynchronous planning that ensures safety in the face of

message delays, drops, and re-orderings.

• To illustrate the utility of our approach, we present an implementation of AsyncBVC (Asyn-

chronous Buffered Voronoi Cell), an extension of BVC [135] based on our system. In simulations,

we show that AsyncBVC outperforms BVC in terms of number of synchronization-induced dead-

locks and number of collisions under asynchronous planning in obstacle free environments. We also

show the performance of AsyncBVC under message delays, drops and re-orderings.

Our method can be applied to several synchronized real-time decentralized multi-robot planning al-

gorithms that enforce robot-robot collision avoidance using separating hyperplanes between robot ge-

ometries (examples include BVC [135], RTE [100] as well as RLSS (Chapter 4)), in order to extend them

to asynchronous planning systems. In this chapter, we show how to do this in practice with BVC, and

in Chapter 6, we show a way to do this in a RLSS-like planner.

5.2 Problem

Consider a team of N robots tasked with navigating from their start positions si ∈ Rd
to their corre-

sponding goal positions gi ∈ Rd
without collisions where i ∈ {1, . . . , N} is the index of a robot. The

robots may potentially all have different shapes and sizes. We model robots as non-rotating rigid bodies.

Let Ri : Rd → P(Rd) be the collision shape function of robot i, such that Ri(p) is the subset of Rd

occupied by robot i when it is placed at position p. Here, d ∈ {2, 3} is the dimension of the Euclidean

space that the robot operates in and P(Rd) is the power set of Rd
. We define Ri(p) as the Minkowski

sum R0
i ⊕ {p}, where R0

i is the subset of Rd
occupied by robot i when it is placed at the origin 0. For

simplicity of exposition, we assume that the environment is obstacle-free.
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The general problem is to compute trajectories fi(t) : [0, T ]→ Rd
for each robot i along with the team

navigation duration T such that

• fi(t) is dynamically feasible according to ith robot’s dynamics,

• Ri(fi(t)) ∩Rj(fj(t)) = ∅ ∀t ∈ [0, T ] ∀i ̸= j, i.e. robots do not collide with each other,

•
dkfi(0)
dtk

= dkfi(T )
dtk

= 0 ∀k ≥ 1 ∀i ∈ {1, . . . , N}, i.e. robots are stationary at the start and the end of

the computed trajectories,

• fi(0) = si, fi(T ) = gi ∀i ∈ {1, . . . , N}, i.e. the computed trajectory for each robot commences at

its start position and ends at the prescribed goal position.

We focus on a subset of decentralized receding horizon planning style approaches to solve the general

problem above. In decentralized receding horizon planning, robots plan long trajectories in real-time for

themselves using on-board capabilities. They execute the planned trajectories for a short duration, and re-

plan. Our focus is on algorithms that utilize separating hyperplanes between robots as collision avoidance

constraints.

Robots may communicate with each other using a best-effort communication medium, but each robot

plans a trajectory only for itself. The delay of the communication medium need not be bounded and can

theoretically grow to infinity. The delay may freely vary frommessage to message. Messages sent through

the medium may get lost or reordered.

Planning start and end times across robots need not be synchronized and planning algorithms are not

necessarily proven to be failure-free.

5.3 Preliminaries

Definition 9. Commutative Deterministic Separating Hyperplane Computation Algorithm. A com-

mutative deterministic separating hyperplane computation algorithm Ω accepts two linearly separable setsA

76



and B as arguments, and computes a separating hyperplane betweenA and B such that the computed hyper-

planes do not depend on the order of the arguments, i.e. Ω(A,B) = Ω(B,A), and the computed hyperplane

is same for each call with the same arguments, i.e. there is no randomization.

Definition 10. Mutually Computable Separating Hyperplane. Given two linearly separable setsA and

B and an hyperplaneH that separates them,H is called a mutually computable separating hyperplane forA

and B if and only if there exists a commutative deterministic separating hyperplane computation algorithm

Ω such that Ω(A,B) = H.

5.4 Motivation

Commutative deterministic separating hyperplane computation algorithms are used by several state-of-

the-art decentralized real-time receding horizon planning algorithms for collision avoidance. At each

planning iteration, robots sense each others’ geometries (positions and shapes). Each robot computes

separating hyperplanes between itself and other robots using a shared commutative deterministic sepa-

rating hyperplane computation algorithm. Robots constrain their movements to the regions bounded by

the computed separating hyperplanes during planning. Since the commutative deterministic separating

hyperplane computation algorithm is shared among robots, each pair of robots compute exactly the same

hyperplane using only geometry sensing: each robot in the pair constrains itself against the other using

this hyperplane. Therefore, regions used to constrain robot movements are disjoint between robots.

Zhou et al. [135] and Şenbaşlar, Hönig, and Ayanian [100] model robots as hyperspheres and Voronoi

diagrams are utilized for computing separating hyperplanes. Voronoi diagrams between hyperspherical

shapes are unique, hence the algorithm is deterministic. For hyperspherical disjoint sets, Voronoi hyper-

plane computation algorithm is commutative, hence robots can compute the same hyperplane between

each other using only geometry sensing. In RLSS (Chapter 4) robots are modeled as convex shapes and
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a hard-margin support vector machine (SVM) is used for computing separating hyperplanes. The hard-

margin SVM problem is convex with a unique solution. Therefore it is commutative and deterministic.

(a) Initial robot geometries and en-

forced separating hyperplanes.

(b) Green hyperplane is used by the

yellow robot during planning.

(c) Black region is considered safe by

both robots when yellow robot fin-

ishes planning.

(d) Brown hyperplane is used by the

blue robot during planning.

(e) Black region is considered safe by

both robots when blue robot finishes

planning.

Figure 5.2: Hyperplane mismatch leads to unsafe behavior. Blue and yellow robots utilize Voronoi

hyperplanes to create safe regions within which to plan. However, when planning start and end times

between robots are not synchronized, the Voronoi hyperplanes computed do not match. Figure 5.2a shows

robots geometries (shapes and positions) and enforced Voronoi half-spaces, which are computed at the

previous planning iteration, for each robot just before the yellow robot starts planning (assuming perfect

synchronization before the current planning iteration). The green half-space in Figure 5.2b is the Voronoi

half-space that the yellow robot computes and utilizes during planning. While the yellow robot is planning

its own trajectory, robots keep moving according to their previous plans. When the yellow robot finishes

planning as shown in Figure 5.2c, the safe regions of the blue and yellow robots intersect (intersection

shown in black). Both robots are allowed to navigate through the black region, which would result in

collisions if they did so. Robots keep moving before the blue robot starts planning. The brown half-space

in Figure 5.2d is the Voronoi half-space the blue robot utilizes during planning. While the blue robot is

planning, robots continue moving. When the blue robot finishes planning (Figure 5.2e), the safe regions

of the robots intersect at another location.

When robots are in close proximity to each other, the success of these approaches depends on two

important assumptions that are hard to realize in practice: i) pairs of robotsmust use the same inputs during
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separating hyperplane computation - this holds only if the assumption of synchronization of planning

start times between robots holds, and ii) robots start executing the plans at the same time, which assumes

synchronization of planning end times between robots. In physical deployments, such synchronization

is not realistic. This creates a mismatch between the separating hyperplanes computed and/or used by

robots as shown in Figure 5.2. The mismatch of hyperplanes introduces safety regions that intersect with

each other, which results in unsafe behavior in tight scenarios.

We introduce mutually computable separating hyperplane trajectories as a solution to this problem.

Instead of constraining a robot by a single hyperplane for each other robot, we constrain it with a carefully

pruned trajectory of hyperplanes.

5.5 Approach

5.5.1 Assumptions

We assume that robot clocks are synchronized prior to navigation (using for example, the Network Time

Protocol (NTP) [67]). This ensures that the time points used by the robots share the same frame of ref-

erence. Second, we assume that robots can sense each others’ geometries and can identify each other

instantly. In reality, assuming visual sensing, there is a time delay after light hits the camera until the

robot detects the geometry of another robot and identifies it. We omit this delay. Frame-by-frame tracking

and identification of robots can be done in 30Hz with state-of-the art object detectors [12]. Third, we

assume that robots share a commutative deterministic separating hyperplane computation algorithm Ω,

which is given to them prior to navigation.

5.5.2 Mutually Computable Separating Hyperplane Trajectories

Without the loss of generality, assume that the navigation starts at time point 0. Let T̃ be the current

time point. Let fi(t) : [0, T̃ ] → Rd
and fj(t) : [0, T̃ ] → Rd

be the trajectories that robot i and robot
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Figure 5.3: Hyperplane trajectory. Sampled trajectories of blue and yellow robots are given. The red

sampled trajectory is the trajectory of middle points of robots at each sampling step. Red hyperplanes

constitute the sampled mutually computable Voronoi hyperplane trajectory between robots.
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j traversed until the current time point respectively. The mutually computable separating hyperplane

trajectoryHi,j(t) : [0, T̃ ]→ Hd
between robot i and robot j induced by Ω is defined as

Hi,j(t) = Ω(Ri(fi(t)),Rj(fj(t))) ∀t ∈ [0, T̃ ]

whereHd
is the set of all hyperplanes in Rd

.

Notice that Hi,j can be computed without communication by both robot i and robot j independently

as it requires geometry sensing only. Also, Hj,i = Hi,j since Ω is commutative. An example sampled

mutually computable hyperplane trajectory is shown in Figure 5.3 when the commutative deterministic

hyperplane computation algorithm is the Voronoi hyperplane computation algorithm.

5.5.3 Overconstraining&Constraint-discardingusingMutuallyComputable Separating

Hyperplane Trajectories and Inter-Robot Communication

Our approach is based on the following idea: If the trajectories of each pair (i, j) of robots are constrained

by a shared hyperplane, collision avoidance between them can be ensured. In order to ensure that their

trajectories are constrained by a shared hyperplane at all times, we constrain them with all hyperplanes

in tail portions of theHi,j in a specific way.

Each robot i stores a tail time point variable Ti,j ≤ T̃ for every other robot j denoting the time point

after which the hyperplane trajectory should be used to constrain the trajectory of robot i against robot j

where T̃ is the current time point. Specifically, at any instant T̃ , if robot i starts planning, it constrains its

full trajectory with all hyperplanes Hi,j(t) ∀t ∈ [Ti,j , T̃ ] to avoid collision with robot j. Initially, we set

Ti,j = 0 ∀i ̸= j. Hence, robots use full mutually computable separating hyperplane trajectories to avoid

collisions with each other. This ensures that robot i and robot j will not collide with each other for the

initial values of Ti,j since they are stationary until the end of their first planning iterations and they share

Hi,j(0) afterwards.
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Remark 3. For a given robot i, its planning start time points are strictly increasing.

Lemma 4. Assume that robot j successfully planned using information at time τ . The following facts hold

for its constraints against every other robot i:

1. Robot j is constrained by the hyperplaneHj,i(τ) (which is equal toHi,j(τ) since Ω is commutative).

2. In the future, there can be no case in which robot j uses a hyperplane from timespan [0, τ) to constrain

itself against robot i in which it does not also use the hyperplane at time τ .

Proof. Since Tj,i is less than or equal to the current time point T̃ at all times and τ = T̃ at the start of the

planning, robot j uses Hj,i(τ) as a constraint. By Remark 3, planning start time points of robot j strictly

increase. Therefore in the future, any planning start time point τ ′ will be greater than τ . If robot j uses

any hyperplane from timespan [0, τ) during planning in the future, it means that Tj,i < τ . Since it uses

hyperplanes in timespan [Tj,i, τ
′], it has to use the hyperplane at time τ as well.

Lemma 4 suggests that if a robot j plans successfully using the information at time point τ , there is

no reason for another robot i to use hyperplanes against robot j before time point τ , because robot j is

currently constrained by the hyperplane Hi,j(τ) at time τ and there will not be any case in the future at

which it is constrained by a hyperplane in timespan [0, τ) in which it is not constrained by the hyperplane

at time point τ . Therefore, every other robot i can prune its hyperplane trajectory Hi,j against robot j

by setting Ti,j = τ . Updating Ti,j with this rule ensures that trajectories of each pair (i, j) of robots

share a constraining hyperplane at all times because i) Hi,j(0) is shared by robots i and j initally, and ii)

pruning is done in a way that makes sure that there is at least one shared hyperplane at all times. Sharing

a constraining hyperplane at all times guarantees collision avoidance.

Conveying the information to every other robot i that robot j planned successfully at time point τ is

done through the communication medium. Whenever robot j successfully plans a trajectory, it broadcasts

the planning success signal (j, τ), stating that it planned successfully using the information at time point
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τ , and there is no reason for other robots to constrain themselves against robot j using hyperplanes in

timespan [0, τ). Until the message arrives, every other robot i overconstrains itself against robot j with

hyperplanes in [Ti,j , τ) ∪ [τ, T̃ ], but discards constraints generated from hyperplanes in timespan [Ti,j , τ)

when message arrives by setting Ti,j = τ . When message re-ordering in the communication medium is

possible, Ti,j = max(Ti,j , τ) is used.

If a planning success signal from robot j gets lost in the communication medium, other robots i do not

update their Ti,j values and keep overconstraining themselves against robot j until a signal from robot j

arrives. This allows robots to assume the worst about robot j (i.e., it planned successfully at Ti,j and it is

not known if it planned successfully again in timespan (Ti,j , T̃ ]) until a message arrives. Ti,j represents

the last known time point to robot i at which robot j has planned a trajectory successfully.

Note that, if an upper boundU exists on the time difference between two successful planning iterations

for all robots, constraints can be discarded even without communication. Here, Ti,j is the time point at

which robot j has planned (or after which robot j must have planned) according to robot i. Robot i simply

makes sure that T̃ −Ti,j ≤ U by setting Ti,j = max(Ti,j , T̃ −U) at each iteration for asynchronous safety

because robot j plans successfully at least once in every time window of duration U .

5.6 Experiments

5.6.1 Buffered Voronoi Cell (BVC) Planner

We validate our approach using a decentralized model predictive control-based planner that uses Voronoi

diagrams for collision avoidance (BVC) [135]. To recap, BVCmodels robots as hyperspheres parameterized

by robot radii. At each planning iteration, Voronoi hyperplanes between robots are computed, buffered

to account for robot radii, and used to constrain robot positions. The original formulation of the BVC

planner uses discrete single integrator dynamics; we use our extension of BVC (Section 4.6.3.1) to discrete
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linear dynamics with position outputs. Each robot i solves the following convex quadratic program during

planning, making sure that the output (position) is contained in the buffered Voronoi cell of the robot.

min
u0,...,uM−1

M∑
k=1

λk ∥pk − gi∥22 +
M−1∑
k=0

θk ∥uk∥22 s.t.

xk+1 = Axk +Buk ∀k ∈ {0, . . . ,M − 1}

pk = Cxk ∀k ∈ {0, . . . ,M}

Ri(pk) ∈ Vi ∀k ∈ {0, . . . ,M}

umin ⪯ uk ⪯ umax ∀k ∈ {0, . . . ,M − 1}

xmin ⪯ xk ⪯ xmax ∀k ∈ {0, . . . ,M}

where gi, Vi andRi are the goal position, Voronoi cell, and hyperspherical collision shape function of robot

i,M is the number of steps to plan for (or the planning horizon), uk is the input to apply from timestep k to

timestep k+1, xk is the state of robot at timestep k, pk is the position of robot at timestep k,A,B andC are

matrices that describe the dynamics of the robot, umin and umax are the limits for inputs, xmin and xmax

are the limits for states. The cost of the optimization problem is a weighted combination of the distance

of intermediate and final robot positions to the goal position and the input magnitudes. λks and θks are

weight parameters of the cost function. The constraint Ri(pk) ∈ Vi is enforced by buffering the Voronoi

hyperplanes with the robot radius, and constraining the pk with the buffered Voronoi hyperplanes.

5.6.2 Asynchronous Buffered Voronoi Cell (AsyncBVC) Planner

In order to ensure safety of BVC under asynchronous planning, we integrate mutually computable separat-

ing hyperplane trajectories to the BVC planner by replacing the Voronoi cells with the Voronoi hyperplane

trajectories.
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Figure 5.4: System design. Each robot has 3 components: a planner, a controller and a localizer/robot

detector. The planner plans for a sequences of states, which gets fed into the controller. The controller

sends motor commands to the simulator (Gazebo) to track the planned sequence. The localizer/robot

detector connects directly to the simulator and feeds other robot geometries and ego robot state to the

planner and the controller. A signal medium process acts as amessage broker between planners of different

robots. We introduce communication delays and message drops using the signal medium process.

Each robot uses Voronoi hyperplane computation algorithm as the commutative deterministic hyper-

plane computation algorithm Ω. They construct mutually computable separating hyperplane trajectories,

or Voronoi hyperplane trajectories specifically, as described in Section 5.5.2 and keep track of tail time

point variables as described in Section 5.5.3. We call this algorithm asynchronous buffered Voronoi cell

planner, or AsyncBVC for short.

Each robot i solves the following optimization problem:

min
u0,...,uM−1

M∑
k=1

λk ∥pk − gi∥22 +
M−1∑
k=0

θk ∥uk∥22 s.t.

xk+1 = Axk +Buk ∀k ∈ {0, . . . ,M − 1}

pk = Cxk ∀k ∈ {0, . . . ,M}

Ri(pk) ∈ H−
i,j(t) ∀k ∈ [0, . . . ,M ] ∀j ̸= i ∀t ∈ [Ti,j , T̃ ]

umin ⪯ uk ⪯ umax ∀k ∈ {0, . . . ,M − 1}

xmin ⪯ xk ⪯ xmax ∀k ∈ {0, . . . ,M}

whereH−
i,j(t) is the robot i’s side of the hyperplaneHi,j(t) against robot j and T̃ is the current time point.

Similarly to BVC, the constraintRi(pk) ∈ H−
i,j(t) is enforced by buffering the hyperplane with the robot

radius, and constraining the pk with the buffered hyperplane.
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This is a convex quadratic problem with linear constraints. However, since time is continuous, there

are infinitely many hyperplanes in the trajectory Hi,j , which results in infinitely many constraints in

the optimization problem. We solve this problem by using a sequence of hyperplanes between robot i

and robot j using a fine discretization of the full trajectory. Whenever robot i detects the geometry of

and identifies another robot j, we compute a new separating hyperplane between them using Ω and add

it to the separating hyperplane list of robot i against robot j. This is an approximation we employ for

computational tractability. Whenever robot i receives a planning success signal (j, τ) from robot j, we

discard hyperplanes that are generated before τ from the sequence of robot i against robot j.

If the optimization fails for a robot i, it keeps using the previous plan. When robot i’s planner fails,

it does not broadcast a planning success signal, and other robots keep constraining themselves against

robot i using the constraints starting from and including the time point robot i last succeeded. Hence, the

collisions are avoided even under a planner failure, since at any point of time, plans of any pair of robots

are constrained by at least one common separating hyperplane.

5.6.3 Experiment Design

We compare the behavior of BVC and AsyncBVCwhen message drops, delays, re-orderings and time point

mismatches are introduced using simulations. We use the RotorS MAV Gazebo simulator [32] running on

a desktop computer with 16 core Intel i9-9900 CPU @ 3.10GHz, Ubuntu 20.04 operating system and ROS

Noetic. We plan in 3D using AscTec Hummingbird quadrotors already integrated into the RotorS simulator.

In all experiments, 4 robots are placed in a square formation where they are at [−10 0 5.0]T , [10 0 5.0]T ,

[0 − 10 5.0]T , [0 10 5.0]T initially. Robots at the opposite ends of the square swap positions.

The general design of our simulation system is shown in Figure 5.4. Each robot’s planning pipeline has

3 main components: a planner, a controller and a localizer/robot detector. The planner is set to either BVC

or AsyncBVC. In all experiments, we use spheres with radii r = 0.4m to model robots. The real radius
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of AscTec Hummingbirds is 0.27m. We utilize extra 0.13m as the buffer zone to compensate for the con-

troller trajectory tracking errors. In all experiments, we use discretized double integrator dynamics during

planning for the robots hence control actions uk are acceleration commands, and states xk are stacked po-

sition and velocity vectors in both BVC and AsyncBVC. We set input upper and lower bounds to umax =

−umin = [5m/s2 5m/s2 5m/s2]T , state upper bounds to xmax = [∞∞∞ 2m/s 2m/s 2m/s]T and

state lower bounds to xmin = [−∞ −∞ r − 2m/s − 2m/s − 2m/s]T i.e. the maximum acceleration

along any axis is 5m/s2, maximum velocity along any axis is 2m/s, and all positions except those with

z coordinates less than the robot radii r are allowed. We plan for 20 steps with discretization timestep of

0.2 s (i.e. 4 s long trajectories). We set λk = 2 for all k and θk = 1 for all k. The planner sends planned state

sequences to the controller for execution. We use one of the controllers integrated into RotorS simulator

which is based on [54]. It sends motor commands to the simulator process to track the planned state se-

quence. The localizer/robot detector component simply receives perfect state and shape information from

Gazebo simulator and feeds them to the planner and controller. The frequency of robot detection is 30Hz,

which results in discretization step length of 33ms for the separating hyperplane trajectories. Planners

on different robots send planning success signals to each other through the signal medium process, which

acts as a message broker between planners simulating a communication restrictive environment. BVC

does not need communication between planners, therefore signal medium is not utilized when the plan-

ner is BVC. When the planner is set to AsyncBVC, it uses the signal medium to broadcast planning success

signals described in Section 5.5.3. We introduce artificial communication delays, message drops and mes-

sage re-orderings to the system using the signal medium process. We model communication delays using

exponential probability density functions of the form

Pdelay(x;α) =


αe−αx x ≥ 0

0 x < 0

,
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Figure 5.5: Synchronization-induced deadlock due to separating hyperplane mismatch. (left)

Robots go into a collision state because of a separating hyperplane mismatch and (right) planning fails

for the yellow robot because it initially violates the new red hyperplane.

where 1/α ≥ 0 is the mean delay. The most probable delay in this distribution is 0, and the probability

decreases as the delay increases. Message re-orderings are naturally generated by different per-message

delays generated from the given delay distribution.

We model message drop probability with a Bernoulli distribution of the form

Pdrop(x;β) =


β x is drop

1− β x is no-drop.

5.6.4 Evaluation Metrics

We evaluate the performance of algorithms using 4metrics: number of robots that are involved in at least

one collision during navigation (# Coll.), number of robots that reach their goal positions (# Goal Reaching),

number of robots that get stuck in synchronization-induced deadlocks (# Deadlocks), and the maximum

navigation time among robots from their start to goal position (Makespan).

Synchronization-induced deadlocks occur because of separating hyperplanemismatches between robots

when they are close to each other as shown in Figure 5.5. Since we model robots with spheres larger than
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Table 5.1: Effects of planning start/end time mismatch. Metrics are averaged over 5 runs in each

scenario.

Freq. 2Hz 1Hz 0.5Hz
Max. Start Mismatch 0.5 s 1 s 2 s

BVC

# Coll. 0 2 2.4

# Deadlocks 0 0.4 2.2

# Goal Reaching 4 3.6 1.8

AsyncBVC

# Coll. 0 0 0
# Deadlocks 0 0 0

# Goal Reaching 4 4 4

the actual robot dimensions (which we call collision shapes), planners plan for avoiding the spheres con-

taining the actual robots. When a separating hyperplane mismatch occurs when robots are close to each

other, their collision shapesmay intersect with each other even if the real robots do not collide. This creates

a situation at which planners cannot find collision free solutions because the robot is initially in a collision

state. This results in a deadlock because the planner fails continuously. We call this a synchronization-

induced deadlock.

In the simulations, robots that are involved in collisions can continue navigation because the controller

can recover from them as the speed of the robots is not high.

5.6.5 Effects of Planning Start and End Time Mismatch

First, we check the behavior of BVC and AsyncBVC when the planning start and end times do not match

between robots. We change the planning frequency f to create this mismatch. If planning frequency of

robots is set to f , a planning iteration occurs every 1/f seconds. This creates a maximum of 1/f seconds

mismatch between planning start times of a pair robots. The planning end time is the sum of planning

start time and planning duration. There is no bound on planning duration, but it does not take longer

than 100ms in our experiments, thereby creating a mismatch between planning end times no more than

1/f + 0.1 seconds. Note that we do not use this value as an upper bound between the time points of two

successful planning iterations because there is no guarantee that the planner always succeeds. We thus
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set the upper bound to∞. We set mean delay time 1/α = 0 and message drop probability β = 0 in all

experiments, meaning that the network has no delay and does not drop messages, to show the affects of

only planning start/end time mismatches.

The results of our comparisons are listed in Table 5.1. We run each experiment 5 times and report

the average of the metrics across runs. We do not report the makespan of navigation between algorithms

because the difference is not significant when the communication is instantaneous and failure-free.

In experiment 1, we set planning frequency to 2Hz, which creates a maximum planning start time mis-

match of 0.5 s. In this case, neither BVC nor AsyncBVC results in any synchronization-induced deadlocks

or collisions and all robots reach their goal positions. In experiment 2, we decrease planning frequency to

1Hz, which creates a maximum planning start time mismatch of 1 s. In this case, 2 out of 4 robots using

BVC collide at least once on average, 0.4 out of 4 robots deadlock on average, and 3.6 out of 4 robots reach

their goals on average. AsyncBVC does not result in any collisions or deadlocks. In experiment 3, we

decrease planning frequency further to 0.5Hz, which creates a maximum planning start time mismatch of

2 s. BVC suffers from this mismatch siginficantly. On average 2.4 out of 4 robots collide at least once, and

2.2 out of 4 get stuck in synchronization-induced deadlocks, leaving 1.8 robots on average reaching their

goals. AsyncBVC does not result in any collisions or deadlocks.

5.6.6 Effects of Best-Effort Communication Medium

Next, we investigate the effects of communication delays and message drops on the performance of

AsyncBVC. We do not investigate the behavior of BVC in this set of experiments because BVC does not

utilize communication. We set planning frequency f = 1Hz in all experiments which creates a maximum

planning start time mismatch of 1 s. As before, we set upper bound of time difference between successful

planning iterations to∞.
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Table 5.2: Effects of communication delays and message drops to AsyncBVC. Metrics are averaged

over 5 runs in each scenario. 1/α is the mean delay and β is the message drop probability.

# 1/α β # Coll. # Deadlocks # Goal Makespan

Reaching

1 0 0 0 0 4 20.82 s

2 1 s 0 0 0 4 25.57 s

3 1 s 0.1 0 0 4 26.68 s

4 2 s 0.1 0 0 4 28.31 s

5 2 s 0.2 0 0 4 28.92 s

6 10 s 0.2 0 0 4 40.88 s

7 10 s 0.5 0 0 4 48.04 s

8 10 s 0.75 0 0 4 92.26 s

9 — 1.0 0 4 0 ∞

The results of our experiments are summarized in Table 5.2. As before, we run each experiments

5 times and report the average of the metrics across runs. In experiment 1, we show the performance of

AsyncBVC when there is no communication delay, i.e. mean delay is 0, and no message drops, i.e. message

drop probability is 0. In this case, no robots collide with each other, and no robots get stuck in deadlocks.

The makespan of the navigation, i.e. the maximum navigation duration of all robots, is 20.82 s. From

experiment 2 to experiment 8, we increase mean delay from 0 to 10 s and message drop probability from

0 to 0.75. In experiment 8, for example, 3 out of 4 messages get lost in the medium, and 1 that does not

get lost arrives 10 s late on average. In all experiments from 2 to 8, no robots collide with each other, and

no robots deadlock. Makespan increases from 25.57 s (experiment 2) to 92.26 s (experiment 8).

When the message drop probability is set to 1.0 in experiment 9, i.e. when all messages are dropped, all

robots get deadlocked, because they are overly constrained by the full separating hyperplane trajectories.

This problem can be solved if there is an upper bound on time difference between two successful planning

iterations for the robots in the team as explained in Section 5.5.3.
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5.7 Conclusion

In this chapter, we present a novel overconstraining and constraint-discarding method for asynchronous

real-time decentralized trajectory planning algorithms in multi-robot teams. Each robot overly constrains

itself against other robots using mutually computable separating hyperplane trajectories until it receives

a planning success signal from them. A portion of the constraints are discarded after a success signal is

received from another robot. Our approach is a principled way for dealing with asynchronous planning

and imperfect communication in real-time decentralized multi-robot systems.

Based on these ideas, we extend the BVC planner [135], which assumes synchronization in planning, to

adapt it to an asynchronous setting. We call our extension AsyncBVC. We compare AsyncBVC with BVC

and show that AsyncBVC does not result in any collisions or synchronization-induced deadlocks, while

BVC is prone to these phenomena. We also demonstrate the encouraging behavior of AsyncBVC under

message drops, message re-orderings and message delays.
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Chapter 6

Decentralized Real-time Probabilistic Trajectory Planning for Static

Obstacle, Interactive Dynamic Obstacle, and Asynchronous Teammate

Avoidance

In this chapter, we propose i) a novel prediction representation for interactive behaviors of dynamic ob-

stacles and ii) a decentralized, real-time trajectory planning algorithm for a multi-robot team allowing

inter-robot collision and static and interactive dynamic obstacle avoidance. Our planner simulates the be-

havior of dynamic obstacles during decision-making, explicitly accounting for interactivity. In addition,

it explicitly accounts for the perception inaccuracy of static obstacles and the prediction inaccuracy of

dynamic obstacles. We handle asynchronous planning between teammates and message delays with un-

known bounds, message drops, and re-orderings by using the constraint generation method introduced

in Chapter 5. We evaluate our algorithm extensively in simulations under different environments and con-

figurations using 79400 randomly generated runs and compare it against three state-of-the-art baselines

using 2100 randomly generated runs, showing that it achieves up to 1.68x success rate using as low as

0.28x time in single-robot experiments, and up to 2.15x success rate using as low as 0.36x time in multi-

robot experiments compared to the best baseline. We implement our algorithm on physical quadrotors to

This chapter is based on Baskın Şenbaşlar and Gaurav S Sukhatme. “DREAM: Decentralized Real-time Asynchronous

Probabilistic Trajectory Planning for Collision-free Multi-Robot Navigation in Cluttered Environments”. In: arXiv preprint
arXiv:2307.15887 (2023). Additional experiments are added to justify the choice of several parameters.
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show its applicability to real-world navigation tasks. Supplemental video for this chapter can be found at

https://youtu.be/XDcMdMzDBp8.

6.1 Introduction

Here, we present DREAM: a decentralized real-time asynchronous probabilistic trajectory planning algo-

rithm for multi-robot teams, each of which using its onboard capabilities to navigate in environments with

static and interactive dynamic obstacles as well as teammates (Figure 6.1).

Each robot uses onboard sensing to perceive its environment and classifies objects into three sets: static

obstacles, dynamic obstacles, and teammates. It produces a probabilistic representation of static obstacles,

in which each static obstacle has an existence probability. Each robot uses an onboard prediction system

to predict the behavior of dynamic obstacles and assigns realization probabilities to each behavior. The

perception system provides the current shapes of the teammates, i.e., we require geometry-only sensing

for teammates and do not require estimation/communication of higher-order derivatives, e.g., velocities

or accelerations. Each robot computes discretized separating hyperplane trajectories (DSHTs) introduced

in Chapter 5 between itself and teammates, and uses DSHTs during decision making for inter-teammate

collision avoidance, allowing safe operation under asynchronous planning and imperfect communication.

Using these uncertain representations of static and dynamic obstacles and DSHTs for teammates, each

robot generates dynamically feasible polynomial trajectories in real-time by primarily minimizing proba-

bilities of collisions against static and dynamic obstacles and DSHT violations, while minimizing distance,

duration, rotation, and energy usage as secondary objectives using our planner. A DSHT hyperplane is

violated when the robot is not fully contained in the safe side of it. During decision making, we consider

interactive behaviors of dynamic obstacles in response to the actions of the planning robot. The planner

runs in a receding horizon fashion, in which the planned trajectory is executed for a short duration and a
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Figure 6.1: Static obstacles (gray) are modeled using their shapes and existence probabilities. Dynamic

obstacles (cyan) are modeled using their shapes, current positions, and a probability distribution over their

behavior models, each of which comprises a movement and an interaction model. Teammates (orange) are

modeled using discretized separating hyperplane trajectories (DSHTs). The planner selects a goal position

on a desired trajectory (red), plans a spatiotemporal discrete path (blue) to the goal position minimizing

collision probabilities against static and dynamic obstacles and DSHT violations, and solves a quadratic

program to fit a smooth trajectory (green) to the discrete plan while preserving the collision probabilities

computed and DSHT hyperplanes not violated during search.
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new trajectory is planned from scratch. The planner can be guided with desired trajectories, therefore it

can be used in conjunction with offline planners that perform longer horizon decision making.

DREAM utilizes a three-stage widely used pipeline [114, 50, 58, 94, 17, 33], differing in specific opera-

tions at each stage:

1. Goal Selection: Choose a goal position on the desired trajectory to plan to as well as the time point

the goal position should be (or should have been) reached at,

2. Discrete Search: Find a discrete spatiotemporal path to the goal position that minimizes collision

probabilities against static and dynamic obstacles, DSHT violations, and total duration, distance, and

the number of rotations,

3. Trajectory Optimization: Solve a quadratic program (QP) to safely fit a dynamically feasible tra-

jectory to the discrete plan while preserving i) the collision probabilities computed and ii) DSHT

elements not violated during search.

The contributions of this chapter are as follows:

• We define a representation for interactive behaviors of dynamic obstacles that can be used within a

planner. We propose three model-based prediction algorithms to predict interactive behavior models

of dynamic obstacles.

• We propose a decentralized real-time trajectory planning algorithm for multi-robot navigation in

cluttered environments that produces dynamically feasible trajectories avoiding static and (interac-

tive) dynamic obstacles and teammates that plan asynchronously. Our algorithm handles message

delays, drops, and re-orderings between teammates. It explicitly accounts for sensing uncertainty

with static obstacles and prediction uncertainty with dynamic obstacles.

• We evaluate our algorithm extensively in simulations to show its performance under different envi-

ronments and configurations using 79400 randomly generated runs. We compare its performance to
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three state-of-the-art multi-robot navigation decision making algorithms using 2100 randomly gen-

erated runs, and show that our algorithm achieves up to 1.68x success rate using as low as 0.28x time

in the single-robot case, and 2.15x success rate using as low as 0.36x time in multi-robot scenarios

compared to the best baseline. We implement our algorithm for physical quadrotors, and show its

feasibility in the real world.

State-of-the-art approaches that predict future trajectories of dynamic obstacles given past observa-

tions, potentially in a multi-modal way, use relatively computationally heavy approaches, making them

hard to re-query to model interactivity between the robot and dynamic obstacles during decision making.

In this chapter, we propose policies that are fast to query as prediction outputs instead of future trajectories.

Policies model intentions of the dynamic obstacles (movement models) as well as the interaction between

dynamic obstacles and the robot (interaction models) as vector fields of velocities.

6.2 Problem Definition

Consider a team of#R
robots. LetRrobot

i : Rd → P (Rd) be the convex set valued collision shape function

of robot i, where i ∈ {1, . . . ,#R} andRrobot
i (p) is the space occupied by the robot when placed at position

p. Here, d ∈ {2, 3} is the ambient dimension that the robots operate in and P (Rd) is the power set of

Rd
. We assume that the robots are rigid, and the collision shape functions are defined as Rrobot

i (p) =

Rrobot
i,0 ⊕ {p} where Rrobot

i,0 is the shape of robot i when placed at the origin 0 and ⊕ is the Minkowski

sum operator.

We assume that the robots are differentially flat as defined in Section 3.4, i.e., their states and inputs can

be expressed in terms of their output trajectories and finite derivatives of them, and the output trajectory

is the Euclidean trajectory that the robot follows. Each robot i requires output trajectory continuity up to

degree ci, and has maximum derivative magnitudes γki for derivative degrees k ∈ {1, . . . ,Ki}.
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Each robot i detects objects and classifies them into three sets: static obstacles Oi, dynamic obstacles

Di, and teammates Ci. Static obstacles do not move. Dynamic obstacles move with or without interaction

with the robot. Teammates are objects that navigate using our planner, i.e., the other robots.

Each static obstacle j ∈ Oi has a convex shape Qi,j ⊂ Rd
, and has an existance probability pstati,j ∈

[0, 1]. Many existing data structures including occupancy grids [38] and octrees [41] support storing ob-

stacles in this form. Each perceived teammate j ∈ Ci has a convex shape Si,j sensed by robot i.

Each dynamic obstacle j ∈ Di is modeled using i) its current position pdyn
i,j , ii) its convex set valued

collision shape function Rdyn
i,j : Rd → P (Rd) where Rdyn

i,j (p) = Ri,j,0 ⊕ {p} and Ri,j,0 is the shape

of obstacle j when placed at the origin, and iii) a probability distribution over its #B
i,j predicted behavior

models Bi,j,k, k ∈ {1, . . . ,#B
i,j}, where each behavior model is a 2-tuple Bi,j,k = (Mi,j,k, Ii,j,k) such that

Mi,j,k is the movement and Ii,j,k is the interaction model of the dynamic obstacle. pdyni,j,k is the probability

that dynamic obstacle j moves according to behavior model Bi,j,k such that
∑#B

i,j

k=1 p
dyn
i,j,k ≤ 1 for all j ∈ Di.

AmovementmodelM : Rd → Rd
is a function from dynamic obstacle’s position to its desired velocity,

describing its intention. An interaction model I : R4d → Rd
is a function describing robot-dynamic obsta-

cle interaction of the form vdyn = I(pdyn, ṽdyn,probot,vrobot). Its arguments are 4 vectors: position pdyn

of the dynamic obstacle, desired velocity ṽdyn
of the dynamic obstacle (which is obtained from the move-

ment model, i.e., ṽdyn = M(pdyn)), and position probot
and velocity vrobot

of robot. It outputs the velocity

vdyn
of the dynamic obstacle. Notice that interaction models do not model interactions between multiple

dynamic obstacles or interactions with multiple teammates, i.e., the velocity vdyn
a dynamic obstacle exe-

cutes does not depend on the position or velocity of other dynamic obstacles or the other teammates from

the perspective of a single teammate. This is an accurate representation in sparse environments where

moving objects are not in close proximity of each other, but an inaccurate assumption in dense environ-

ments. We choose to model interactions this way for computational efficiency as well as non-reliance on

perfect communication: modeling interactions between multiple dynamic dynamic obstacles would result
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in a combinatorial explosion of possible dynamic obstacle behaviors since we support multiple hypothe-

ses for each dynamic obstacle, and modeling interactions of dynamic obstacles with multiple teammates

would require joint planning for all robots, requiring perfect communication
∗
. While using only position

and velocity to model robot-dynamic obstacle interaction is an approximation of the reality, we choose

this model because of its simplicity. This simplification allows us to use interaction models to update the

behavior of dynamic obstacles during discrete search efficiently
†
.

Each robot i has a state estimator that estimates its output derivatives up to derivative degree ci, where

degree 0 corresponds to position, degree 1 corresponds to velocity, and so on. If state estimation accuracy

is low, the trajectories computed by the planner can be used to compute the expected derivatives in an

open-loop fashion assuming perfect execution. The kth derivative of robot i’s current position is denoted

with pself
i,k where k ∈ {0, . . . , ci}.

Each robot i is tasked with following a desired trajectory di(t) : [0, Ti]→ Rd
with duration Ti without

colliding with obstacles or other robots. The desired trajectory di(t) can be computed by a global planner

using potentially incomplete prior knowledge about obstacles. It does not need to be collision-free with

respect to static or dynamic obstacles. If no such global planner exists, it can be set to a straight line from

a start position to a goal position.

6.3 Approach

In order to follow the desired trajectories di as closely as possible while avoiding collisions, we propose a

decentralized real-time planner executed in a receding horizon fashion.

∗

One could also define a single joint interaction model for all dynamic obstacles and do non-probabilistic decision making

against dynamic obstacles if inter-dynamic obstacle interactions exists and single dynamic obstacle models are insufficient at

describing the dynamic obstacle behaviors.

†

During planning, we evaluate movement and interaction models sequentially to compute the velocity of the dynamic ob-

stacles. One could also combine movement and interaction models, and have a single function to describe the dynamic obstacle

behavior for the purposes of our planner. We choose to model them separately in order to allow separate prediction of these

models.
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6.3.1 Discretized Separating Hyperplane Trajectories (DSHTs)

We utilize DSHTs (Chapter 5) as constraints, which allows us to enforce safety when planning is asyn-

chronous, i.e., robots start and end planning at different time points, and the communication medium is

imperfect. We briefly reiterate the theory behind DSHTs next.

Let Ω be a commutative deterministic separating hyperplane computation algorithm: it computes a

separating hyperplane between two linearly separable sets and each call to it with the same pair of argu-

ments results in the same hyperplane. We use hard-margin support vector machines (SVM) as Ω.

Let fi(t) : [0, Tcur] → Rd
and fj(t) : [0, Tcur] → Rd

be the trajectories robots i and j executed

from navigation start time 0 to current time Tcur , respectively. Separating hyperplane trajectory Hi,j :

[0, Tcur]→ Hd
between robots i and j induced byΩ is defined asHi,j(t) = Ω(Rrobot

i (fi(t)),Rrobot
j (fj(t)))

whereHd
is the set of all hyperplanes in Rd

.

Each robot i stores a tail time point variable T tail
i,j ≤ Tcur for each other robot j denoting the time point

after which the hyperplanes in Hi,j should be used to constrain robot i’s plan against robot j. If robot i

starts planning at Tcur , it uses all hyperplanes Hi,j(t) where t ∈ [T tail
i,j , Tcur] to constrain itself against

robot j by enforcing its trajectory to be in the safe side of each hyperplane. When robot i successfully fin-

ishes a planning iteration that started at Ti,start, meaning that it is now constrained by hyperplanes from

T tail
i,j to Ti,start onHi,j against each other robot j, it broadcasts its identity i and Ti,start. Robots j receiving

the message update their tail time points against robot i by setting T tail
j,i = Ti,start, discarding constraints,

and those that do not receive it do not update their tail points, over-constraining themselves against robot

i. As shown in Chapter 5, this constraint discarding and over-constraining mechanism ensures that ac-

tive trajectories of each pair of robots share a constraining hyperplane at all times under asynchronous

planning, message delays, drops and re-orderings.

LetHactive
i,j = {Hi,j(t) | t ∈ [T tail

i,j , Tcur]} be the active set of separating hyperplanes of robot i against

robot j. There are infinitely many hyperplanes in Hactive
i,j when T tail

i,j < Tcur . We sample hyperplanes in
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Hactive
i,j using a sampling step in the time domain shared among all teammates. Let H̃active

i,j , which is the

active DSHT of robot i against robot j, be the finite sampling ofHactive
i,j , and H̃active

i = {H ∈ H̃active
i,j | j ∈

{1, . . . ,#R}\{i}} be the set of all hyperplanes that should constraint robot i on a planning iteration that

starts at time Tcur . We use hyperplanes H̃active
i during planning to enforce safety against robot teammates.

It is assumed that perception, prediction, and state estimation systems are executed independently

from the planner and produce the information described in Section 6.2. DSHT computation is done asyn-

chronously and independently from the planner, maintaining tail time points Ti,j and providing H̃active
i

to the planner. The inputs from these systems to the planner in robot i are:

• Static obstacles: Convex shapes Qi,j with their existence probabilities such that pstati,j is the prob-

ability that obstacle j ∈ Oi exists.

• Dynamic obstacles: Set Di of dynamic obstacles where each dynamic obstacle j ∈ Di has the

current position pdyn
i,j , collision shape functionRdyn

i,j , and behavior modelsBi,j,k with corresponding

realization probabilities pdyni,j,k where k ∈ {1, . . . ,#B
i,j}.

• Active DSHTs: Set H̃active
i of separating hyperplanes against all other robots.

• Self state: The state {pself
i,0 , . . . ,pself

i,ci
} of the robot.

There are three stages of our algorithm: i) goal selection, which selects a goal position on the desired

trajectory to plan to, ii) discrete search, which computes a spatiotemporal discrete path to the goal position,

minimizing collision probabilities against two classes of obstacles, DSHT violations, distance, duration, and

rotations using a multi-objective search method, and iii) trajectory optimization, which safely computes a

dynamically feasible trajectory by smoothing the discrete path while preserving the collision probabilities

computed and DSHT hyperplanes not violated during the search. The planner might fail during trajectory

optimization, the reasons for which are described in Section 6.3.4. If planning fails, the robot continues

using its previous plan.
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Figure 6.2: Goal selection. The goal selection stage selects the goal position gi to plan to on the desired

trajectory di (red) and the time point T ′
i it should be (or should have been) reached at. It finds the closest

point x on di to the current robot position pself
i,0 and its time point T̃ , and finds the smallest time point T ′

i

that is greater than the time point that is one desired time horizon away from T̃ , i.e., T̃ + τi, at which the

robot is collision free against all static obstacles with existence probability greater than pmin
i .

6.3.2 Goal Selection

In the goal selection stage (Figure 6.2), each robot i chooses a goal position gi on the desired trajectory di

and the time point T ′
i at which gi should be (or should have been) reached at.

This stage has two parameters: the desired time horizon τi and the static obstacle existence probability

threshold pmin
i .

First, the goal selection finds the closest point x on the desired trajectory di to the robot’s current

position pself
i,0 , by discretizing di. Let T̃ be the time point of x on di, i.e., x = di(T̃ ). Then, goal selection

finds the smallest time point T ′
i ∈ [min(T̃ + τi, Ti), Ti] on di such that the robot is collision-free against

static obstacles with existence probabilities at least pmin
i when placed on di(T

′
i ) using collision checks

with small increments in time. The goal position gi is set to di(T
′
i ) and the time point it should be (or

should have been) reached at is T ′
i . We assume that the robot placed at di(Ti) is collision-free against

static obstacles, hence such a T ′
i always exists.
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The selected goal position gi and the time point T ′
i are used during the discrete search stage, which

uses a goal-directed search algorithm. Note that goal selection chooses the goal position on the desired

trajectory without considering its reachability; the actual trajectory the robot follows is planned by the

rest of the algorithm.

6.3.3 Discrete Search

In the discrete search stage, we plan a path to the goal position gi using cost algebraic A
∗
search [28]. Cost

algebraic A
∗
is a generalization of standard A

∗
to a richer set of cost systems, namely cost algebras. We

compute six cost terms during search, define the cost of an action as the vector of the computed cost terms,

and order the cost vectors lexicographically, forming a cost algebra. Cost algebraic A
∗
finds an optimal

action sequence according to the lexicographical ordering of our cost vectors.

Here, we summarize the formalism of cost algebras from the original paper [28]. The reader is advised

to refer to the original paper for a detailed and complete description of concepts.

Definition 11. Let A be a set and × : A × A → A be a binary operator. A monoid is a tuple (A,×,0) if

the identity element 0 ∈ A exists, × is associative and A is closed under ×.

Definition 12. Let A be a set. A relation ⪯ ⊆ A × A is a total order if it is reflexive, anti-symmetric,

transitive, and total. The least operation ⊔ gives the least element of the set according to a total order, i.e.,

⊔A = c ∈ A such that c ⪯ a ∀a ∈ A, and the greatest operation ⊓ gives the greatest element of the set

according to the total order, i.e. ⊓A = c ∈ A such that a ⪯ c ∀a ∈ A.

Definition 13. A set A is isotone if a ⪯ b implies both a× c ⪯ b× c and c× a ⪯ c× b for all a, b, c ∈ A.

a ≺ b is defined as a ⪯ b ∧ a ̸= b. A set A is strictly isotone if a ≺ b implies both a × c ≺ b × c and

c× a ≺ c× b for all a, b, c ∈ A, c ̸= 1 where 1 = ⊓A.
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Definition 14. A cost algebra is a 6-tuple (A,⊔,×,⪯,1,0) such that (A,×,0) is a monoid, ⪯ is a total

order, ⊔ is the least operation induced by ⪯, 1 = ⊓A, and 0 = ⊔A, i.e. the identity element is the least

element.

Intuitively, A is the set of cost values, ⊔ is the operation used to select the best among the values, × is

the operation to cumulate the cost values, ⪯ is the operator to compare the cost values, 1 is the greatest

and 0 is the least cost value as well as the identity cost value under ×.

To support multiple objectives during search, the prioritized Cartesian product of cost algebras is de-

fined as follows.

Definition 15. The prioritized Cartesian product of cost algebras C1 = (A1,⊔1,×1,⪯1,11,01) and C2 =

(A2,⊔2,×2,⪯2,12,02), denoted byC1×pC2 is a tuple (A1×A2,⊔,×,⪯, (11,12), (01,02))where (a1, a2)×

(b1, b2) = (a1 ×1 b1, a2 ×2 b2), (a1, a2) ⪯ (b1, b2) iff a1 ≺1 b1 ∨ (a1 = b1 ∧ a2 ⪯2 b2), and ⊔ is induced

by ⪯.

Note that, ⪯ in Definition 15 induces lexicographical ordering among cost algebras C1 and C2.

Proposition 1. IfC1 andC2 are cost algebras, andC1 is strictly isotone, thenC1×pC2 is also a cost algebra.

If, in addition, C2 is strictly isotone, C1 ×p C2 is also strictly isotone.

Proof. Given in [28].

Proposition 1 allows one to take Cartesian product of any number of strictly isotone cost algebras and

end up with a strictly isotone cost algebra.

Given a cost algebra C = (A,⊔,×,⪯,1,0), cost algebraic A* finds a lowest cost path according to ⊔

between two nodes in a graph where edge costs are elements of set A, which are ordered according to ⪯

and combined with × where the lowest cost value is 0 and the largest cost value is 1. Cost algebraic A*

uses a heuristic for each node of the graph, and cost algebraic A* with re-openings finds cost optimal paths
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only if the heuristic is admissible. An admissible heuristic for a node is a cost h ∈ A, which underestimates

the cost of the lowest cost path from the node to the goal node according to ⪯.

We conduct a multi-objective search, in which each individual cost term is a strictly isotone cost al-

gebra, and optimize over their Cartesian product. The individual cost terms are defined over two cost

algebras, namely (R≥0 ∪ {∞},min,+,≤,∞, 0), i.e. non-negative real number costs with standard ad-

dition and comparison, and (N ∪ {∞},min,+,≤,∞, 0), natural numbers with standard addition and

comparison, both of which are strictly isotone. Therefore, any number of their Cartesian products are also

cost algebras by Proposition 1.

We explain the discrete search for an arbitrary robot i in the team, each robot runs the same algorithm.

The planning horizon of the search is τ ′i = max(τ̃i, T
′
i − Tcur, αi

∥∥∥pself
i,0 −gi

∥∥∥
2

γ̃1
i

) where τ̃i is the minimum

search horizon and γ̃1i is the maximum speed for search parameter. In other words, the planning horizon

is set to the maximum of minimum search horizon, time difference between the goal time point and the

current time point, and a multiple of the minimum required time to reach to the goal position gi from

current position pself
i,0 applying maximum speed γ̃1i where multiplier αi ≥ 1. The planning horizon τ ′i is

used as a suggestion in the search, and is exceeded if necessary as explained later in this section.

States. The states x in our search formulation have six components: i) x.p ∈ Rd
is the position

of the state, ii) x.∆ ∈ {−1, 0, 1}d \ {0} is the direction of the state on a grid oriented along robot’s

current velocity pself
i,1 with a rotation matrix Rrot ∈ SO(d) such that Rrot(1, 0, . . . , 0)

⊤ =
pself
i,1∥∥∥pself
i,1

∥∥∥
2

, iii)

x.t ∈ [0,∞) is the time of the state, iv) x.O ⊆ Oi is the set of static obstacles that collide with the robot

i following the path from start state to x, v) x.D is the set of dynamic obstacle behavior model–position

pairs (Bi,j,k,pdyn
i,j,k) such that dynamic obstacle j moving according to Bi,j,k does not collide the robot

i following the path from start state to x, and the dynamic obstacle ends up at position pdyn
i,j,k, and vi)

x.H ⊆ H̃active
i is the set of active DSHT hyperplanes that the robot i violates following the path from start

state to x.
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The start state of the search is x1 with components x1.p = pself
i,0 , x1.∆ = (1, 0, . . . , 0)⊤, x1.t = 0,

x1.O are set of all obstacles that intersect with Rrobot
i (pself

i,0 ), x1.D contains behavior model–position

pairs (Bi,j,k,pdyn
i,j ) of dynamic obstacles j that do not initially collide with robot, i.e. Rrobot

i (pself
i,0 ) ∩

Rdyn
i,j (pdyn

i,j ) = ∅, one for each k ∈ {1, . . . ,#B
i,j}, and x1.H contains all hyperplanes in H̃active

i that the

robot i violates initially at pself
i,0 . The goal states are all states xg with position xg.p = gi.

Actions. There are three action types in our search. Let x be the current state and x+ be the state

after applying an action.

• FORWARD(s, t) moves the current state x to x+ by applying constant speed s along current direction

x.∆ for time t. The state components change as follows.

– x+.p = x.p+Rrot
x.∆

∥x.∆∥2
st

– x+.∆ = x.∆

– x+.t = x.t+ t.

– We compute static obstaclesO+
colliding with the robot with shapeRrobot

i travelling from x.p

to x+.p and set x+.O = x.O ∪O+
.

– Let (Bi,j,k,pdyn
i,j,k) ∈ x.D be a dynamic obstacle behavior model–position pair that does not

collide with the state sequence from the start state to x. Note that robot applies velocity v =

x+.p−x.p
x+.t−x.t

from state x to x+. We get the desired velocity ṽdyn
i,j,k of the dynamic obstacle at

time x.t using its movement model: ṽdyn
i,j,k =Mi,j,k(p

dyn
i,j,k). The velocity vdyn

i,j,k of the dynamic

obstacle can be computed using the interaction model: vdyn
i,j,k = Ii,j,k(pdyn

i,j,k, ṽ
dyn
i,j,k, x.p,v).

We check whether the dynamic obstacle shape Rdyn
i,j swept between pdyn

i,j,k and pdyn
i,j,k + vdyn

i,j,kt

collides with robot shape Rrobot
i swept between x.p and x+.p. If not, we add not colliding

dynamic obstacle behavior model by x+.D = x+.D ∪ {(Bi,j,k,pdyn
i,j,k + vdyn

i,j,kt)}. Otherwise,

we discard the behavior model.
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– We compute the hyperplanes H+ ⊆ H̃active
i the robot i violates at x+.p, and set x+.H =

x.H ∪H+
.

• ROTATE(∆′
) changes the current state x to x+ by changing its direction to∆′

. It is only available if

x.∆ ̸= ∆′
. The rotate action is added to penalize turns during search as discussed in the description

of costs. The state components remains the same except x+.∆ is set to∆′
.

• REACHGOAL changes the current state x to x+ by connecting x.p to the goal position gi. The

remaining search horizon for the robot to reach its goal position is given by τ ′i − x.t. Recall that the

maximum speed of the robot during search is γ̃1i , hence the robot needs at least
∥gi−x.p∥2

γ̃1
i

seconds

to reach the goal position from state x. We set the duration of this REACHGOAL action to the

maximum of these two values: max(τ ′i − x.t,
∥gi−x.p∥2

γ̃1
i

). Therefore, the search horizon τ ′i is merely

a suggestion during search, and is exceeded whenever it is not dynamically feasible to reach the goal

position within the search horizon. The state components change as follows.

– x+.p = gi

– x+.∆ = x.∆

– x+.t = x.t+max(τ ′i − x.t,
∥gi−x.p∥2

γ̃1
i

)

– x+.O, x+.D, and x+.H are computed in the same way as FORWARD.

Note that we run interaction models only when robot applies a time changing action (FORWARD or

REACHGOAL), which is an approximation of reality because dynamic objects can potentially change their

velocities between robot actions. We also conduct conservative collision checks against dynamic obstacles

because we do not include the time domain to the collision check. This conservatism allows us to preserve

collision probability upper bounds against dynamic obstacles during trajectory optimization as discussed

in Section 6.3.4.

107



We compute the probability of not colliding with static obstacles and a lower bound on the probability

of not colliding with dynamic obstacles for each state of the search tree recursively. We interleave the

computation of sets x.O and x.D with the probability computation.

6.3.3.1 Computing the Probability of Not Colliding With Static Obstacles

Let x1:n = x1, . . . , xn be a state sequence in the search tree. Let Cs(xl:m) be the proposition that is true

if and only if the robot following timed path (xl.p, xl.t), . . . , (xm.p, xm.t) collides with any of the static

obstacles in Oi, where m ≥ l. The event of not colliding with any of the static obstacles while following

a prefix of state sequence x1:n admits a recursive definition: ¬ Cs(x1:l) = ¬ Cs(x1:m)
∧
¬ Cs(xm:l) ∀l ∈

{1, . . . , n} ∀m ∈ {1, . . . , l}.

We compute the probability of not colliding any of the static obstacles for each prefix of the state

sequence x1:n during search, and store this probability as ametadata of each state. Probability p(¬Cs(x1:l))

of not colliding with static obstacles Oi while traversing the state sequence x
1:l

is given by:

p(¬ Cs(x1:l)) = p(¬ Cs(x1:l−1) ∧ ¬ Cs(xl−1:l))

= p(¬ Cs(x1:l−1))p(¬ Cs(xl−1:l) | ¬ Cs(x1:l−1))

The first term p(¬ Cs(x1:l−1)) is the recursive term that can be obtained from the parent state during

search.

The second term p(¬ Cs(xl−1:l)|¬ Cs(x1:l−1)) is the conditional term that we compute during state

expansion. Let Ol:m
i ⊆ Oi be the set of static obstacles that collides with robot i traversing xl:m where

l ≤ m. Given that the robot has not collided while traversing x1:l−1
means that no static obstacle that

collides with the robot while traversing x1:l−1
exists. Therefore, we compute the conditional probability

as the probability that none of the obstacles inOl−1:l
i \O1:l−1

i exists as ones inOl−1:l
i ∩O1:l−1

i do not exist
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as presumption. We assume that static obstacles’ non-existence events are independent. Let E(j) be the

event that static obstacle j ∈ Oi exists. We have

p(¬ Cs(xl−1:l) | ¬ Cs(x1:l−1)) = p

 ∧
j∈Ol−1:l

i \O1:l−1
i

¬ E(j)


=

∏
j∈Ol−1:l

i \O1:l−1
i

p(¬E(j))

=
∏

j∈Ol−1:l
i \O1:l−1

i

(1− pstati,j )

The key operation for computing the conditional is computing the set Ol−1:l
i \ O1:l−1

i . We do this in

a time efficient way by using the fact that xl.O = O1:l
i . During node expansion, we compute Ol−1:l

i by

querying the static obstacles for collisions against the region swept byRrobot
i from position xl−1.p to xl.p.

We obtain O1:l−1
i from the parent state’s xl−1.O. The probability of not colliding is computed according

to obstacles in Ol−1:l
i \ O1:l−1

i and xl.O is set to O1:l
i = O1:l−1

i ∪ Ol−1:l
i as described before.

The recursive term p(¬ Cs(x1:1)) is initialized for the start state x1 by computing the non-existence

probability of obstacles in x1.O, i.e., p(¬ Cs(x1:1)) =
∏

j∈x1.O(1− pstati,j ).

6.3.3.2 Computing a Lower Bound on the Probability of not Colliding with Dynamic Obstacles

A lower bound on the probability of not colliding computation with dynamic obstacles are done using not

colliding dynamic obstacle behavior model–position pairs computed during state expansion.

Let Cd(x
l:m) be the proposition, conditioned on the full state sequence x1:n, that is true if and only if

the robot following the (xl.p, xl.t), . . . , (xm.p, xm.t) portion of x1:n collides with any of the dynamic ob-

stacles inDi where l ≤ m. Similar to the static obstacles, the event of not colliding with any of the dynamic

obstacles while following a prefix of the path x1:n is recursive: ¬Cd(x
1:l) = ¬Cd(x

1:m)
∧
¬Cd(x

m:l) ∀l ∈

{1, . . . , n} ∀m ∈ {1, . . . , l}.
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The formulation of the probability of not colliding with dynamic obstacles is identical to that of the

static obstacles:

p(¬ Cd(x1:l)) = p(¬ Cd(x1:l−1) ∧ ¬ Cd(xl−1:l))

= p(¬ Cd(x1:l−1))p(¬ Cd(xl−1:l) | ¬ Cd(x1:l−1))

The first term p(¬ Cd(x1:l−1)) is the recursive term that can be can be obtained from the parent state

during search.

The second term p(¬ Cd(xl−1:l) | ¬ Cd(x1:l−1)) is the conditional term that is computed during state

expansion. LetCd,j(x
l:m) be the proposition, conditioned on the full path x1:n, that is true if and only if the

robot following the (xl.p, xl.t), . . . , (xm.p, xm.t) portion of x1:n collides with dynamic obstacle j ∈ Di

where l ≤ m. We assume independence between not colliding with different dynamic obstacles, hence,

the conditional term simplifies as follows.

p(¬ Cd(xl−1:l) | ¬ Cd(x1:l−1)) = p

 ∧
j∈Di

¬ Cd,j(xl−1:l) |
∧
j∈Di

¬ Cd,j(x1:l−1)


=

∏
j∈Di

p(¬ Cd,j(x
l−1:l)) | ¬ Cd,j(x

1:l−1))

The computation of the terms p(¬ Cd,j(x
l−1:l) | ¬ Cd,j(x

1:l−1)) for each obstacle j ∈ Di is done by

using xl−1.D and xl.D. Given that robot following states x1:l−1
has not collided with dynamic obstacle j

means that no behavior model of j that resulted in a collision while traversing x1:l−1
is realized. We store

all not colliding dynamic obstacles behavior models in xl−1.D. Within these, all dynamic obstacle modes

that does not collide with the robot while traversing from xl−1
to xl are stored in xl.D. Let xl.Dj be the

set of all behavior model indices of dynamic obstacle j ∈ Di that has not collided with x1:l. Probability
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Figure 6.3: Discrete search. A sample discrete state sequence, the associated meta data, and computed

cost terms are shown. The computed state sequence has six states: x1:6. x3 and x5 are expanded with

ROTATE actions from x2 and x4 respectively, therefore, their information is not shown here to reduce the

clutter. The robot initially does not collide with any static or dynamic obstacle and does not violate any

DSHT hyperplane at x1. While traversing the first segment from x1 to x2 (red), it collides with dynamic

obstacle B’s second behavior model and violates two hyperplanes in the DSHT against teammate D. While

traversing the second segment from x3 to x4 (blue), it violates 2more hyperplanes from the DSHT against

teammate D. While traversing the last segment from x5 to x6 (orange), it collides with the static obstacle

with existence probability 0.12, first two behavior models of dynamic obstacle C and violates a hyperplane

in the DSHT against teammate A.

that robot does not collide with dynamic obstacle j while traversing from xl−1
to xl given that it has not

collided with it while travelling from x1 to xl−1
is given as

p(¬ Cd,j(x
l−1:l) | ¬ Cd,j(x

1:l−1)) =

∑
k∈xl.Dj

pdyni,j,k∑
k∈xl−1.Dj

pdyni,j,k

.

The computed probabilities for not colliding are lower bounds because collision checks against dynamic

obstacles are done conservatively, i.e., time domain is not considered during sweep to sweep collision checks.

Conservative collision checks never miss collisions, but may over-report them.

Costs. Let ps(xl) = 1 − p(¬ Cs(x
1:l)) be the probability of collision with any of the static obstacles

and pd(x
l) = 1−p(¬ Cd(x

1:l)) be an upper bound for the probability of collision with any of the dynamic
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obstacles while traversing state sequence x1:l. We define Ps(t) : [0, x
n.t] → [0, 1] of state sequence x1:n

as the linear interpolation of ps:

Ps(t) =



x2.t−t
x2.t−x1.t

ps(x
1) + t−x1.t

x2.t−x1.t
ps(x

2) x1.t ≤ t < x2.t

. . .

xn.t−t
xn.t−xn−1.t

ps(x
n−1) + t−xn−1.t

xn.t−xn−1.t
ps(x

n) xn−1.t ≤ t ≤ xn.t

We define Pd(t) : [0, x
n.t] → [0, 1] of a state sequence x1:n in a similar way using pd. We define Pc(t) :

[0, xn.t] → [0,∞) as the linear interpolation of the number of violated hyperplanes in active DSHTs of

the state sequence x1:n, i.e., the points (x1.t, |x1.H|), . . . , (xn.t, |xn.H|).

We associate six different cost terms to each state xl in state sequence x1:n: i)Jstatic(xl) ∈ [0,∞) is the

cumulative static obstacle collision probability defined as Jstatic(xl) =
∫ xl.t
0 Ps(τ)dτ , ii) Jdynamic(x

l) ∈

[0,∞) is the cumulative dynamic obstacle collision probability defined as Jdynamic(x
l) =

∫ xl.t
0 Pd(τ)dτ ,

iii)Jteam(xl) ∈ [0,∞) is the cumulative number of violated activeDSHThyperplanes defined asJteam(xl) =∫ min(xl.t,T team
i )

0 Pc(τ)dτ , inwhich violation cost accumulation is cut off atT team
i parameter, iv)Jdistance(xl) ∈

[0,∞) is the distance travelled from start state x1 to state xl, v) Jduration(xl) ∈ [0,∞) is the time elapsed

from start state x1 to state xl, and vi) Jrotation(xl) ∈ N is the number of rotations from start state x1 to

state xl.

We cut off violation cost accumulation of DSHTs because of the conservative nature of using separating

hyperplanes for teammate safety: they divide the space into two disjoint sets linearly, without considering

robots’ intents. The robots need to be safe until the next successful planning iteration because of the reced-

ing horizon planning, and overly constraining a large portion of the plan at each planning iteration with

conservative constraints decreases agility. We investigate the effects of T team
i on navigation performance

in Section 6.4.2.13.
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We compute the cost terms of the new state x+ after applying actions to current state x as follows.

• Jstatic(x+) = Jstatic(x) +
∫ x+.t
x.t Ps(τ)τ

• Jdynamic(x
+) = Jdynamic(x) +

∫ x+.t
x.t Pd(τ)τ

• Jteam(x+) = Jteam(x) +
∫ min(x+.t,T team

i )

min(x.t,T team
i )

Pc(τ)dτ

• Jdistance(x+) = Jdistance(x) + ∥x+.p− x.p∥2

• Jduration(x+) = Jduration(x) + (x+.t− x.t)

• Jrotation(x+) = Jrotation(x) + 1̸=(x.∆, x+.∆)

where 1̸= is the indicator function with value 1 if its arguments are unequal, and 0 otherwise.

Lower cost (with respect to standard comparison operator ≤) is better in all cost terms. All cost terms

have the minimum cost of 0 and upper bound cost of∞. All cost terms are additive using standard addition

operator+. Jstatic,Jdynamic,Jteam,Jdistance, and Jduration are cost algebras (R≥0∪{∞}, min,+,≤,∞,

0) and Jrotation is cost algebra (N ∪ {∞}, min, +, ≤,∞, 0), both of which are strictly isotone. Therefore,

their Cartesian product is also a cost algebra, which is what we optimize over. The cost J (x) of each state

x is:

J (x) =



Jstatic(x)

Jdynamic(x)

Jteam(x)

Jdistance(x)

Jduration(x)

Jrotation(x)



.
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We order cost terms lexicographically as required by Cartesian product cost algebras. A sample state

sequence and computed costs are shown in Figure 6.3.

This induces an ordering between cost terms: we first minimize cumulative static obstacle collision

probability, and among the states that minimizes that, we minimize cumulative dynamic obstacle collision

probability, and so on. Hence, safety is the primary; distance, duration, and rotation optimality are the

secondary concerns. Out of safety against static and dynamic obstacles and teammates, we prioritize static

obstacles over dynamic obstacles, because static obstacles can be considered a special type of dynamic ones,

i.e., with 0 velocity, and hence, prioritizing dynamic obstacles would make the static obstacle avoidance

cost unnecessary. This ordering allows us to optimize the special case first, and then attempt the harder

one. The reasonwe prioritize dynamic obstacles over teammates is the conservative nature of using DSHTs

for teammates. Violating a separating hyperplane does not necessarily result in a collision because each

hyperplane divides the space into two between robots, and the robots occupy a very small portion of their

side of each hyperplane.

The heuristic H(x) we use for each state x during search is as follows.

H(x) =



Hstatic(x)

Hdynamic(x)

Hteam(x)

Hdistance(x)

Hduration(x)

Hrotation(x)



=



Ps(x.t)Hduration(x)

Pd(x.t)Hduration(x)

Pc(x.t)max(0,min(Hduration(x), T
team
i − x.t))

∥x.p− gi∥2

max(τ ′i − x.t, Hdistance(x)
γ̃1

)

0


We first compute Hdistance(x), which we use in computation of Hduration(x). Then, we use Hduration(x)

during the computation of Hstatic(x), Hdynamic(x), and Hteam(x).

Proposition 2. All individual heuristics are admissible.
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Proof. Admissibility of Hdistance: Hdistance(x) is the Euclidean distance from x.p to gi, and never

overestimates the true distance.

Admissibility ofHduration: The goal position gi can be any position inRd
, which is an uncountable

set. The FORWARD and ROTATE actions can only move robot to a discrete set of positions, which is

countable, as any discrete subset of an Euclidean space is countable. Therefore, the probability that robot

reaches gi by only executing FORWARD and ROTATE actions is zero. The robot cannot execute any action

after REACHGOAL action in an optimal path to a goal state, because the REACHGOAL action already ends

in the goal position and any subsequent actions would only increase the total cost. Hence, the last action

in an optimal path to a goal state should be REACHGOAL. There are two cases to consider.

If the last action while arriving at state x is REACHGOAL, x.t ≥ τ ′i holds (as REACHGOAL enforces

this, see the descriptions of actions). Since x.p = gi, Hdistance(x) = 0. Therefore, Hduration(x) =

max(τ ′i − x.t, Hdistance(x)
γ̃1
i

) = 0, which is trivially admissible, as 0 is the lowest cost.

If the last action while arriving at state x is not REACHGOAL, the search should execute REACHGOAL

action to reach to the goal position in the future, which enforces that goal position will not be reached

before τ ′i . Also, since the maximum speed that can be executed during search is γ̃1i , robot needs at least

Hdistance(x)
γ̃1
i

seconds to reach to the goal position as Hdistance(x) is an admissible heuristic for distance to

goal position. Hence, Hduration(x) = max(τ ′i − x.t, Hdistance(x)
γ̃1
i

) is admissible.

Admissibility of Hstatic and Hdynamic: We prove the admissibility of Hstatic. Proof of admissi-

bility of Hdynamic follows identical steps. Ps is a nondecreasing nonnegative function as it is the accu-

mulation of linear interpolation of probabilities, which are defined over [0, 1]. Therefore, Ps(x.t) ≤ Ps(t)

for t ≥ x.t in an optimal path to a goal state traversing x. The robot needs at least Hduration(x) seconds

to reach a goal state from x, since Hduration is an admissible heuristic. Let T g(x) ≥ Hduration(x) be the
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actual duration needed to reach to a goal state from x on an optimal path. The actual cumulative static

obstacle collision probability to a goal on an optimal path from x is

∫ x.t+T g(x)
x.t Ps(τ)dτ . We have

Hstatic(x) = Ps(x.t)Hduration(x)

=

∫ x.t+Hduration(x)

x.t
Ps(x.t)dτ

≤
∫ x.t+T g(x)

x.t
Ps(x.t)dτ

≤
∫ x.t+T g(x)

x.t
Ps(τ)dτ.

In other words, Hstatic(x) does not overestimate the true static obstacle cumulative collision probability

from x to a goal state.

Admissibility of Hteam: Let x1:n be an optimal state sequence from start state x1 to a goal state

xn traversing x. If x.t ≥ T team
i , Pc(t) will not be accumulated in the future because of the cut off. If

x.t ≤ T team
i , Pc(t) will be accumulated for duration at least min(Hduration(x), T

team
i − x.t) because

Hduration never overestimates the true duration to a goal and accumulation is cut off at T team
i . Therefore,

Pc(t) will be accumulated for at least max(0,min(Hduration(x), T
team
i − x.t)) after state x. Let T c(x) ≥

max(0,min(Hduration(x), T
team
i − x.t)) be the actual duration Pc(t) will be accumulated after state x.

The actual cumulative number of violated active DSHT hyperplanes is given by

∫ x.t+T c(x)
x.t Pc(τ)dτ .

|xl.H| ≥ |xl−1.H| for all l ∈ {2, . . . , n} because if a hyperplane is violatedwhile traversingx1, . . . , xl−1
,

it is also violated while traversing x1, . . . , xl. Therefore, linear interpolation Pc(t) of number of violated
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hyperplanes is a nondecreasing function, i.e., Pc(x.t) ≤ Pc(t) ∀t ∈ [x.t, xn.t]. In addition, Pc(t) is a

nonnegative function as it is a linear interpolation of set cardinalities. Hence, we have

Hteam(x) = Pc(x.t)max(0,min(Hduration(x), T
team
i − x.t))

=

∫ x.t+max(0,min(Hduration(x),T
team
i −x.t))

x.t
Pc(x.t)dτ

≤
∫ x.t+T c(x)

x.t
Pc(x.t)dτ

≤
∫ x.t+T c(x)

x.t
Pc(τ)dτ.

In other words,Hteam(x) never overestimates true accumulated Pc(t) in an optimal path to the goal state

xn from x.

Admissibility of Hrotation: Hrotation = 0 is trivially admissible because 0 is the lowest cost.

As each individual cost term is admissible, their Cartesian product is also admissible. Hence, cost

algebraic A* with re-openings minimizes J with the given heuristics H .

Time limited best effort search. Finding the optimal state sequence induced by the costs J to the

goal position gi can take a lot of time. Because of this, each robot i limits the duration of the search using

a maximum search duration parameter T search
i . When the search gets cut off because of the time limit, we

return the lowest cost state sequence to a goal state so far. During node expansion, A* applies all actions

to the state with the lowest cost. One of those actions is always REACHGOAL. Therefore, we connect all

expanded states to the goal position using REACHGOAL action. Hence, when the search is cut off, there

are many candidate plans to the goal position, which are already sorted according to their costs by A*.

We remove the states generated by ROTATE actions from the search result and provide the result-

ing sequence to the trajectory optimization stage. Note that ROTATE changes only the direction x.∆.
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The trajectory optimization stage does not use x.∆, therefore we remove repeated states for the input of

trajectory optimization..

6.3.4 Trajectory Optimization

Let x1, . . . , xN be the state sequence provided to trajectory optimization. In the trajectory optimization

stage, each robot i fits a Bézier curve fi,l(t) : [0, Ti,l] → Rd
of degree hi,l (which are parameters) where

Ti,l = xl+1.t − xl.t to each segment from (xl.t, xl.p) to (xl+1.t, xl+1.p) for all l ∈ {1, . . . , N − 1} to

compute a piecewise trajectory fi(t) : [0, x
N .t]→ Rd

where each piece is the fitted Bézier curve, i.e.

fi(t) =



fi,1(t− x1.t) x1.t = 0 ≤ t < x2.t

. . .

fi,N−1(t− xN−1.t) xN−1.t ≤ t ≤ xN .t

Let Pi,l,0, . . . ,Pi,l,hi,l
be the control points of Bézier curve fi,l(t) of degree hi,l. Let Pi = {Pi,l,k | l ∈

{1, . . . , N − 1}, k ∈ {0, . . . , hi,l}} be the set of the control points of all pieces of robot i.

During the trajectory optimization stage, we construct a QPwhere decision variables are control points

Pi of the trajectory.

We preserve the cumulative collision probabilities Ps and Pd and the cumulative number of violated

active DSHT hyperplanes Pc of the state sequence x
1:N

, by ensuring that robot following fi,l(t) i) avoids

the same static obstacles and dynamic obstacle behavior models robot travelling from x1 to xl+1
avoids

and ii) does not violate any active DSHT hyperplane that the robot travelling from x1 to xl+1
does also

not violate for all l ∈ {1, . . . , N − 1}. The constraints generated for these are always feasible.

In order to encourage dynamic obstacles to determine their behavior using the interaction model in

the same way they determine it in response to x1:N , we add cost terms that matches the position and the
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snap

shift

shift

snap

Figure 6.4: Static and dynamic obstacle collision constraints. Given the gray static obstacle j ∈ Oi

with shape Qi,j and the green sweep ζroboti,l of Rrobot
i from xl.p to xl+1.p, we compute the blue support

vector machine hyperplane between them. We compute the orange separating hyperplane by snapping it

to Qi,j . The robot should stay in the safe side of the orange hyperplane. We shift orange hyperplane to

account for robot’s collision shape Rrobot
i and compute the magenta hyperplane Hζroboti,l ,Qi,j

. The Bézier

curve fi,l(t) is constrained by Hζroboti,l ,Qi,j
to avoid Qi,j . To avoid the dynamic obstacle j ∈ Di moving

from p̃dyn
i,j,k to p

dyn
i,j,k, the support vector machine hyperplane between the region ζdyni,j,k,l swept byR

dyn
i,j and

ζroboti,l is computed. The same snap and shift operations are conducted to compute the magenta hyperplane

H
ζroboti,l ,ζdyni,j,k,l

, constraining fi,l(t).

velocity at the start of each Bézier piece fi,l(t) to the position and the velocity of the robot at xl for each

l ∈ {1, . . . , N − 1}.

6.3.4.1 Constraints

There are five types of constraints we impose on the trajectory, all of which are linear in control points Pi.

Static obstacle avoidance constraints. Let j ∈ Oi\xl+1.O be a static obstacle that robot i travelling

from x1 to xl+1
avoids for an l ∈ {1, . . . , N − 1}. Let ζroboti,l be the space swept by the robot travelling the

straight line from xl.p to xl+1.p. Since the shape of the robot is convex and it is swept along a straight line
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segment, ζroboti,l is also convex (Section A). Static obstacle j is also convex by definition. Since robot avoids

j,Qi,j ∩ζroboti,l = ∅. Hence, they are linearly separable by the separating hyperplane theorem (Theorem 1).

We compute the support vector machine (SVM) hyperplane between ζroboti,l and Qi,j , snap it to Qi,j by

shifting it along its normal so that it touches Qi,j , and shift it back to account for robot’s collision shape

Rrobot
i similarly to RLSS (Chapter 4) (Figure 6.4). LetHζroboti,l ,Qi,j

be this hyperplane. We constrain fi,l with

Hζroboti,l ,Qi,j
for it to avoid static obstacle j, which is a feasible linear constraint as shown in Remark 2.

These constraints enforce that robot traversing fi,l(t) avoids the same obstacles robot traversing from

x1 to xl+1
avoids, not growing the set xl+1.O between [xl.t, xl+1.t] ∀l ∈ {1, . . . , N − 1}, and hence

preserving Ps(t) ∀t ∈ [0, xN .t].

Dynamic obstacle avoidance constraints. Let (Bi,j,k,pdyn
i,j,k) ∈ xl+1.D be a dynamic obstacle behav-

iormodel–position pair that does not collidewith robot travelling fromx1 toxl+1
for an l ∈ {1, . . . , N−1}.

Bi,j,k should be in xl.D as well, because the behavior models in xl+1.D are a subset of behavior models

in xl.D by definition. Let p̃dyn
i,j,k be the position of the dynamic obstacle j moving according to behavior

model Bi,j,k at state xl. Let ζdyni,j,k,l be the region swept by the dynamic object j from p̃dyn
i,j,k to p

dyn
i,j,k. During

collision check of state expansion from xl to xl+1
, we check whether ζdyni,j,k,l intersects with ζroboti,l and add

the model to xl+1.D if they do not. Since these sweeps are convex sets (because they are sweeps of convex

sets along straight line segments), they are linearly separable (Theorem 1). We compute the SVM hyper-

plane between them, snap it to the region swept by dynamic obstacle and shift it back to account for the

robot shape Rrobot
i (Figure 6.4). Let H

ζroboti,l ,ζdyni,j,k,l
be this hyperplane. We constrain fi,l with Hζroboti,l ,ζdyni,j,k,l

,

which is a feasible linear constraint as shown in Remark 2.

These constraints enforce that robot traversing fi,l(t) avoids same dynamic obstacle behavior models

robot travelling from x1 to xl+1
avoids, not shrinking the set xl+1.D ∀l ∈ {1, . . . , N − 1}, and hence

preserving Pd(t) ∀t ∈ [0, xN .t].
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The reason we perform conservative collision checks for dynamic obstacle avoidance during discrete

search is to use the separating hyperplane theorem. Without the conservative collision check, there is no

proof of linear separability, and SVM computation might fail.

Teammate avoidance constraints. Let H ∈ H̃active
i \ xl+1.H be an active DSHT hyperplane that

is not violated while traversing states from x1 to xl+1
. If xl.t < T team

i , i.e., the segment from xl to xl+1

is within the teammate safety enforcement period, we constrain fi,l with H by shifting it to account for

robot’s collision shape, and enforcing fi,l to be in the safe side of the shifted hyperplane, which is a feasible

constraint(Remark 2). Otherwise, we do not constrain the piece fi,l with active DSHT hyperplanes.

Within the safety enforcement period T team
i , any fi,l does not violate any active DSHT hyperplane

that is not violated while traversing the state sequence x1:l+1
, preserving the cardinality of sets xl+1.H,

and hence Pc(t).

Continuity constraints. We enforce continuity up to the desired degree ci between pieces by

dkfi,l(Ti,l)

dtk
=

dkfi,l+1(0)

dtk
∀l ∈ {1, . . . , N − 2}

∀k ∈ {0, . . . , ci}.

We enforce continuity up to desired degree ci between planning iterations by

dkfi(0)

dtk
= pself

i,k ∀k ∈ {0, . . . , ci}.

Dynamic limit constraints. Derivative of a Bézier curve is another Bézier curve with a lower degree,

control points of which are linearly related to the control points of the original curve [29]. Let Pk
i =

Dk(Pi) be the control points of the kth derivative of fi, whereD
k
is the linear transformation relating Pi

toPk
i . We enforce dynamic constraints uncoupled among dimensions by limiting maximum kth derivative
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magnitude in each dimension by
γk
i√
d
so that they are linear. Utilizing the convex hull property of Bézier

curves, we enforce

− γki√
d
⪯ P ⪯ γki√

d
∀P ∈ Pk

i

which limits kth derivative magnitude with γki along the trajectory fi where ⪯ between a vector and a

scalar is true if and only if all elements of the vector are less than or equal to the scalar.

While collision avoidance constraints are always feasible, we do not have a general proof of feasibility

for continuity and dynamic limit constraints, which may cause planner to fail. If the planner fails, the

robot continues using the last successfully planned trajectory.

Imposing collision avoidance as described results in a high number of hyperplane constrains, result-

ing in non-real-time execution. In order to decrease the number of collision avoidance constraints while

also still preserving Ps, and Pd, we utilize an ordered constraint generation method, which decreases the

number of constraints for static and dynamic obstacles from thousands to less than ten for each piece in

obstacle rich scenarios. The details of this method are described in Appendix B.

6.3.4.2 Objective Function

We use a linear combination of three cost terms as our objective function, all of which are quadratic in

control points Pi.

Energy term. We use sum of integrated squared derivative magnitudes as a metric for energy usage

similar to [39, 94, 100]. The energy usage cost term Jenergy(Pi) is

Jenergy(Pi) =
∑

λi,k∈λi

λi,k

∫ xN .t

0

∥∥∥∥dkfi(t)dtk

∥∥∥∥2
2

dt

where λi,ks are parameters.
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Position matching term. We add a position matching term Jposition(Pi) that penalizes distance

between piece endpoints and state sequence positions x2.p, . . . , xN .p.

Jposition(Pi) =
∑

l∈{1,...,N−1}

θi,l

∥∥∥fi,l(Ti,l)− xl+1.p
∥∥∥2
2

where θi,ls are weight parameters.

Velocity matching term. We add a velocity matching term Jvelocity that penalizes divergence from

the velocities of the state sequence x1:N at piece start points.

Jvelocity(Pi) =
∑

l∈{1,...,N−1}

βi,l

∥∥∥∥dfi,l(0)dt
− xl+1.p− xl.p

xl+1.t− xl.t

∥∥∥∥2
2

where βi,ls are weight parameters.

Position and velocity matching terms encourage matching the positions and velocities of the state

sequence x1:N . This causes dynamic obstacles to make similar interaction decisions against the robot

following trajectory fi(t) to they do to the robot following the state sequence x1:N . One could also add

constraints to the optimization problem to exactly match positions and velocities. Adding position and

velocity matching terms as constraints resulted in a high rate of optimization infeasibilities in our ex-

periments. Therefore, we choose to add them to the cost function of the optimization term in the final

algorithm.

6.4 Evaluation

We implement our algorithm in C++. We use CPLEX 12.10 to solve the quadratic programs generated

during trajectory optimization stage, including the SVM problems. We evaluate our planner’s behavior in
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simulations in 3D. All simulation experiments are conducted in a computer with Intel(R) i7-8700K CPU

@3.70GHz, running Ubuntu 20.04 as the operating system. The planning pipeline is executed in a single

core of the CPU in each planning iteration of each robot. We compare our algorithm’s performance with

three state-of-the-art decentralized navigation decision making algorithms, namely SBC [121], RLSS [99],

and RMADER [50], in both single-robot and multi-robot scenarios in simulations and show that our algo-

rithm achieves considerably higher success rate compared to the baselines. We implement our algorithm

for physical quadrotors and show its feasibility in real world in single and multi robot experiments. The

supplemental video includes recordings from both i) simulations, including some not covered in this paper,

and ii) physical robot experiments.

6.4.1 Simulation Evaluation Setup

6.4.1.1 Obstacle Sensing

We use octrees [41] to represent the static obstacles. Each axis aligned box with its stored existence prob-

ability is used as a static obstacle. We model static obstacle sensing imperfections using three operations

applied to the octree representation of the environment in static obstacle sensing uncertainty experiments

(Section 6.4.2.11):

• increaseUncertainty: Increases the uncertainty of existing obstacles by moving their existence

probabilities closer to 0.5, by sampling a probability between the existence probability p of an ob-

stacle and 0.5 uniformly.

• leakObstacles(pleak): Leaks each obstacle to a neighbouring region with probability pleak.

• deleteObstacles: Deletes obstacles randomly according to their non-existence probabilities.

We model dynamic obstacle shapes Rdyn
i,j as axis aligned boxes. For each robot i, to simulate imper-

fect sensing ofRdyn
i,j , we inflate or deflate it in each axis randomly according to a one dimensional 0mean
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(a) Goal attractive move-

ment

(b) Constant velocity move-

ment

(c) Rotating movement (d) Repulsive interaction

Figure 6.5: The movement and interaction models we define for dynamic obstacles. Each model has asso-

ciated parameters described in Section 6.4.1.2.

Gaussian noise with standard deviation σi in experiments with dynamic obstacle sensing uncertainty (Sec-

tion 6.4.2.10)
‡
. Each robot i is assumed to be noisily sensing the position and velocity of each dynamic

obstacle j ∈ Di according to a 2d dimensional 0 mean Gaussian noise with positive definite covariance

Σi ∈ R2d×2d
. The first d terms of the noise are applied to the real position and the second d terms of the

noise are applied to the real velocity of the obstacle to compute sensed the position and velocity at each

simulation step.

6.4.1.2 Predicting Behavior Models of Dynamic Obstacles

We introduce three simple model-based online dynamic obstacle behavior model prediction methods to

use during evaluation
§
.

Let pdyn
be the position of a dynamic obstacle. We define three movement models:

• Goal attractive movement modelMg(p
dyn|ĝ, ŝ) (Figure 6.5a): Attracts the dynamic obstacle

to the goal position ĝ with desired speed ŝ. The desired velocity ṽdyn
of the dynamic obstacle is

computed as ṽdyn =Mg(p
dyn|ĝ, ŝ) = ĝ−pdyn

∥ĝ−pdyn∥
2

ŝ.

‡

Note that, we do not explicitly account for the dynamic obstacle shape sensing uncertainty during planning, yet we still

show our algorithm’s performance under such uncertainty.

§

More sophisticated behavior prediction methods can be developed and integrated with our planner, which might potentially

use domain knowledge about the environment objects exists or handle position and velocity sensing uncertainties explicitly.
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• Constant velocity movement model Mc(p
dyn|v̂) (Figure 6.5b): Moves the dynamic obstacle

with constant velocity v̂. The desired velocity ṽdyn
of the dynamic obstacle is computed as ṽdyn =

Mc(p
dyn|v̂) = v̂.

• Rotating movement modelMr(p
dyn|ĉ, ŝ) (Figure 6.5c): Rotates the robot around the rotation

center ĉ with desired speed ŝ. The desired velocity ṽdyn
of the dynamic obstacle is computed as

ṽdyn =Mr(p
dyn|ĉ, ŝ) = r

∥r∥2
ŝ where r ⊥ (pdyn − ĉ)¶.

Let probot
be the current position and vrobot

be the current velocity of a robot. We define one interaction

model:

• Repulsive interaction model Ir(p
dyn, ṽdyn,probot, vrobot|f̂) (Figure 6.5d): Causes dynamic

obstacle to repulse away from the robot with repulsion strength f̂ . The velocity of the dynamic

obstacle is computed as vdyn = Ir(pdyn, ṽdyn,probot,vrobot|f̂) = ṽdyn +
(pdyn−probot)f̂

∥pdyn−probot∥3
2

. The

dynamic obstacle gets repulsed away from the robot linearly proportional to repulsion strength f̂ ,

and quadratically inversely proportional to the distance to the robot
∥
.

We propose three online prediction methods to predict the behavior models of dynamic obstacles from

the sensed position and velocity histories of dynamic obstacles and the robots, one for each combination of

movement and interaction models. Each robot runs the prediction algorithms for each dynamic obstacle.

Let probot
hist be the position and vrobot

hist be the velocity history of the robot collected synchronously with pdyn
hist

and vdyn
hist for the dynamic obstacle.

¶

During prediction, we assume that we have access to the algorithm computing r from pdyn
and ĉ as there are infinitely

many vectors perpendicular to pdyn − c when d ≥ 3.
∥

Note that the interaction model we use does not utilize the velocity vrobot
of the robot, while our planner allows it. We

choose to use this interaction model for easier online prediction of model parameters as our paper is not focused on prediction

algorithms.
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Goal attractive repulsive predictor Assuming the dynamic obstacle moves according to goal attrac-

tive movement modelMg(p
dyn|ĝ, ŝ) and repulsive interaction model Ir(pdyn, ṽdyn,probot,vrobot|f̂), we

estimate parameters ĝ, ŝ and f̂ .

We solve two consecutive quadratic programs (QP): i) one for goal ĝ estimation, ii) one for desired

speed ŝ and repulsion strength f̂ estimation
∗∗
.

Goal estimation. Let pdyn
hist,k and v

dyn
hist,k be the kth elements of pdyn

hist and v
dyn
hist respectively. p

dyn
hist,k +

tkv
dyn
hist,k, tk ≥ 0 is the ray the dynamic obstacle would have followed if it did not change its velocity

after kth sample. We estimate the goal position ĝ of the dynamic obstacle by computing the point whose

average squared distance to these rays is minimal:

min
ĝ,t1,...,tK

1

K

K∑
k=1

∥∥∥pdyn
hist,k + tkv

dyn
hist,k − ĝ

∥∥∥2
2
, s.t.

tk ≥ 0 ∀k ∈ {1, . . . ,K}

whereK is the number of recorded position/velocity pairs.

Desired speed and repulsion strength estimation. Assuming the dynamic obstacle moves accord-

ing to goal attractive repulsive behavior model, its estimated velocity at step k is:

v̂dyn
k = Ir(pdyn

hist,k,Mg(p
dyn
hist,k|ĝ, ŝ),p

robot
hist,k,v

robot
hist,k|f̂)

=
ĝ − pdyn

hist,k∥∥∥ĝ − pdyn
hist,k

∥∥∥
2

ŝ+

(
pdyn
hist,k − probot

hist,k

)
f̂∥∥∥pdyn

hist,k − probot
hist,k

∥∥∥3
2

∗∗

While joint estimation of ĝ, ŝ and f̂ would be more accurate, we choose to estimate the parameters in two steps so that the

individual problems are QPs, and can be solved quickly.
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We minimize the average squared distance between estimated and sensed dynamic obstacle velocities to

estimate ŝ and f̂ :

min
ŝ,f̂

1

K

K∑
k=1

∥∥∥v̂dyn
k − vdyn

hist,k

∥∥∥2
2
.

Constant velocity repulsive predictor Assuming the dynamic obstacle moves according to the con-

stant velocitymovementmodelMc(p
dyn|v̂) and repulsive interactionmodel Ir(pdyn, ṽdyn,probot,vrobot|f̂),

we estimate the parameters v̂ and f̂ .

We solve a single QP to estimate both parameters. Assuming the dynamic obstacle moves according

to constant velocity repulsive behavior model, its estimated velocity at step k is

v̂dyn
k = Ir(pdyn

hist,k,Mc(p
dyn
hist,k|v̂),p

robot
hist,k,v

robot
hist,k)

= v̂ +

(
pdyn
hist,k − probot

hist,k

)
f̂∥∥∥pdyn

hist,k − probot
hist,k

∥∥∥3
2

We minimize the average squared distance between estimated and sensed velocities to estimate v̂ and f̂ :

min
v̂,f̂

1

K

K∑
k=1

∥∥∥v̂dyn
k − vdyn

hist,k

∥∥∥2
2
.

Rotating repulsive predictor Assuming the dynamic obstacle moves according to the rotating move-

ment modelMr(p
dyn|ĉ, ŝ) and repulsive interaction model Ir(pdyn, ṽdyn,probot,vrobot|f̂), we estimate

the parameters ĉ, ŝ and f̂ .

We solve two consecutive optimization problems: i) one for rotation center ĉ estimation, ii) one for

desired speed ŝ and repulsion strength f̂ estimation
††
.

††

We separate estimation to two steps because of a similar reasonwith the goal attractive repulsive predictor. The first problem

is a linear program (LP) and the second one is a QP, both of which allowing fast online solutions.
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Rotation center estimation. We estimate ĉ by minimizing averaged dot product between sensed

velocities and the vectors pointing from rotation center to the sensed positions. The reasoning is that if the

obstacle is rotating around a point ĉ, its velocity should always be perpendicular to the vector connecting

ĉ to its position. The LP we solve is:

min
ĉ

1

K

K∑
i=1

|vdyn
hist,k · (p

dyn
hist,k − ĉ)|.

Desired speed and repulsion strength estimation. Assuming the dynamic obstacle moves accord-

ing to rotating repulsive behavior model, its estimated velocity at step k is

v̂dyn
k = Ir(pdyn

hist,k,Mr(p
dyn
hist,k|ĉ, ŝ),p

robot
hist,k,v

robot
hist,k)

=
rdynk∥∥∥rdynk

∥∥∥
2

ŝ+

(
pdyn
hist,k − probot

hist,k

)
f̂∥∥∥pdyn

hist,k − probot
hist,k

∥∥∥3
2

where rdynk is a perpendicular vector to pdyn
hist,k − ĉ, computed with the known algorithm. We minimize

the average squared distance between estimated and sensed velocities to estimate ŝ and f̂ :

min
ŝ,f̂

1

K

K∑
k=1

∥∥∥v̂dyn
k − vdyn

hist,k

∥∥∥2
2
.

Assigning probabilities to behavior models Each robot runs the three predictors for each dynamic

obstacle. For each predicted behavior model (Mj , Ij), j ∈ {1, 2, 3}, we compute the average estimation

error Ej as the average L
2
norm between the predicted and the actual velocities:

1

K

K∑
k=1

∥vdyn
hist,k − Ij(p

dyn
hist,k,Mj(p

dyn
hist,k),p

robot
hist,k,v

robot
hist,k)∥2
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We compute the softmax of errors Ej with base b where 0 < b < 1, and use them as probabilities, i.e.,

pdynj = bEj∑3
k=1 b

Ek
.

6.4.1.3 Metrics

We run each single robot simulation experiment 1000 times and each multi robot simulation experiment

100 times in randomized environments in performance evaluation of our algorithm (Section 6.4.2). In

baseline comparisons, we run each single-robot simulation experiment 250 times and each multi-robot

simulation experiment 100 times (Section 6.4.3). In each experiment, the robots are tasked with navigating

from their start to goal positions through an environment with static and dynamic obstacles. There are

nine metrics that we report for each experiment, averaged over all robots in all runs.

• Success rate: Ratio of robots that navigate from their start positions to their goal positions success-

fully without any collisions.

• Collision rate: Ratio of robots that collide with a static or a dynamic obstacle or a teammate at least

once.

• Deadlock rate: Ratio of robots that deadlock, i.e., do not reach its goal position.

• Static obstacle collision rate: Ratio of robots that collide with a static obstacle at least once.

• Dynamic obstacle collision rate: Ratio of robots that collide with a dynamic obstacle at least once.

• Teammate collision rate: Ratio of robots that collide with a teammate at least once.

• Average navigation duration: Average time it takes for robot to navigate from its start position

to its goal position across no-deadlock no-collision robots.

• Planning fail rate: Ratio of failing planning iterations over all planning iterations of all robots in

all runs.
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• Average planning duration: Average planning duration over all planning iterations of all robots

in all runs.

6.4.1.4 Fixed Parameters and Run Randomization

Here, we describe fixed parameters across all experiments and the parameters that are randomized in all

experiments. Fixed parameters are shared by each robot i, and randomized parameters are randomized

the same way for all robots i.

Fixed parameters. We set pmin
i = 0.1, γ̃1i = 5.0 m

s , τ̃i = 2.0 s, αi = 1.5, hi,l = 13 for all l, θi,l and

βi,l 10, 20, 30 for the first three pieces, and 40 for the remaining pieces, λi,1 = 2.8, λi,2 = 4.2, λi,4 = 0.2,

and λi,l = 0 for all other degrees. The FORWARD actions of search are (2.0 m
s , 0.5 s), (3.5

m
s , 0.5 s), and

(4.5 m
s , 0.5 s).

In all runs of all experiments, robots navigate in random forest environments, i.e., static obstacles are

tree-like objects. The forest has 15m radius, and trees are 6m high and have a radius of 0.5m. The forest

is centered around the origin. The octree structure has a resolution of 0.5m. The density ρ of the forest,

i.e., ratio of occupied cells in the octree within the forest. It is set differently in each experiment.

Run randomization. We randomize the following parameters in all runs of each experiment in the

same way.

Dynamic obstacle randomization. We randomize the axis aligned box collision shape of each dynamic

obstacle by randomizing its size in each dimension uniformly in [1m, 4m]. The dynamic obstacle’s initial

position is uniformly sampled in the box A with minimum corner

[
−12m −12m −2m

]⊤
and maxi-

mum corner

[
12m 12m 6m

]⊤
. We sample the movement model of the obstacle among goal attractive,

constant velocity, and rotating models. If goal attractive movement model is sampled, we sample its goal

position ĝ uniformly in the boxA. If rotating model is sampled, we sample the rotation center ĉ in the box

with minimum corner

[
−0.5m −0.5m 0.0m

]⊤
and maximum corner

[
0.5m 0.5m 6.0m

]⊤
. The
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desired speed ŝ of the obstacles is sampled differently in each experiment. If constant velocity model is

sampled, the velocity v̂ is set by uniformly sampling a unit direction vector and multiplying it with ŝ. The

interaction model is always the repulsive model. The repulsion strength f̂ is set/randomized differently

in each experiment.
‡‡

Each dynamic obstacle changes its velocity every decision making period, which is

sampled uniformly from [0.1 s, 0.5 s]. Each dynamic obstacle runs its movement model to get its desired

velocity, and runs its interaction model for each robot, and executes the average velocity, i.e., dynamic

obstacles interact with all robots, while an individual robot models only the interactions with itself. The

number of dynamic obstacles#D
is set differently in each experiment.

Robot randomization. We randomize the axis aligned box collision shape of each robot by randomizing

its size in each dimension uniformly in [0.2m, 0.3m]. We sample the replanning period of each robot

uniformly in [0.2 s, 0.4 s]. First robot’s start positions is selected randomly around the forest on a circle

with radius 21.5m at height 2.5m. Other robots are placed on the circle with equal arc length distance

between them. The goal positions are set to the antipodal points of the start positions on the circle. The

time limit of the search T search
i , the desired time horizon τi, number of robots #R

, continuity degree ci,

maximum velocity γ1i and maximum acceleration γ2i are set differently in each experiment.

Sample environments with varying static obstacle densities and number of dynamic obstacles are

shown in Figure 6.6.

6.4.1.5 Simulating Communication Imperfections

Robots communicate with each other in order to update tail time points, whenever they successfully plan.

We simulate imperfections in the communication medium. We model message delays as an exponential

‡‡

Note that, in reality, there is no necessity that the dynamic obstacles move according to the behavior models that we define.

The reason we choose to move dynamic obstacles according to these behavior models is so that at least one of our predictors

assume the correct model for the obstacle. The prediction is still probabilistic, in the sense that we generate three hypotheses for

each dynamic obstacle and assign probabilities.
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(a) ρ = 0.1,#D = 0 (b) ρ = 0.2,#D = 10

(c) ρ = 0.2,#D = 100 (d) ρ = 0.0,#D = 200

Figure 6.6: Sample environments generated during run randomization with varying static obstacle density

ρ and number of dynamic obstacles #D
. Gray objects are static obstacles representing the forest. Blue

objects are dynamic obstacles.
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distribution with mean δ seconds and message drops with a Bernoulli distribution with drop probability κ

similar to Chapter 5.

Pdelay(x; δ) =


δe−δx x ≥ 0

0 x < 0

Pdrop(x;κ) =


κ x is drop

1− κ x is no-drop.

Each message a robot broadcasts is dropped with probability κ, and applied a delay sampled from the delay

distribution if it is not dropped. Message re-orderings are naturally introduced by random delays.

6.4.2 Performance under Different Configurations and Environments in Simulations

We evaluate the performance of our algorithm when it is used in different environments and configura-

tions. In addition, we show its performance under different configurations.

6.4.2.1 Desired Trajectory Quality

To evaluate the effects of desired trajectory quality to navigation performance, we compare two different

approaches to compute desired trajectories in single-robot experiments. In the first, which we call the

without prior strategy, we set the desired trajectory of the robot to the straight line segment connecting its

start position to its goal position. In the second, which we call the with prior strategy, we set the desired

trajectory of the robot to the shortest path between its start position to its goal position avoiding static

obstacles.

During these experiments, we set T search
i = 75ms. The desired planning horizon τi is set to 2.5 s.

We set continuity degree ci = 2, maximum velocity γ1i = 10 m
s and maximum acceleration γ2i = 15 m

s2
.
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Table 6.1: Effects of desired trajectory quality

Exp. # 1 2 3 4 5 6
Prior w/o with w/o with w/o with

ρ 0.2 0.2 0.2 0.2 0.3 0.3

#D
0 0 25 25 50 50

succ. rate 0.945 0.994 0.885 0.952 0.596 0.866

coll. rate 0.016 0.000 0.094 0.045 0.319 0.126

deadl. rate 0.040 0.006 0.028 0.004 0.139 0.011

s. coll. rate 0.016 0.000 0.043 0.001 0.207 0.015

d. coll. rate 0.000 0.000 0.062 0.044 0.217 0.118

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 27.27 28.42 27.76 28.51 31.19 30.86

pl. fail rate 0.060 0.043 0.066 0.052 0.093 0.076

avg. pl. dur. [ms] 88.02 41.14 106.27 61.42 170.56 90.41

The desired speed ŝ of dynamic obstacles is uniformly sampled in interval [0.5 m
s , 1.0

m
s ], and repulsion

strength f̂ uniformly sampled in interval [0.2, 0.5] for each obstacle.

The duration of the desired trajectory is set assuming that robot desires to follow it with
1
3 with its

maximum speed γ̃1i for search.

We control the density ρ of the forest, the number#D
of dynamic obstacles, and whether the desired

trajectory is computed using with or without the knowledge of static obstacles a priori, and report the

metrics.

The results are summarized in Table 6.1. With prior strategy results in higher success rates, lower

collision rates, deadlock rate, planning failure rate and planning duration in all pairs of cases (cyan vs. red

values). Average navigation duration of without prior strategy is slightly lower than that of the with prior

strategy (orange vs. magenta values), which we attribute to the lower success rate of the without prior

strategy, in which, hard navigation tasks are failed and the average navigation duration is computed over

easier tasks. These suggests the necessity of providing good desired trajectories.

In all following experiments, we use the with prior strategy, and provide the desired trajectory by

computing the shortest path avoiding only static obstacles and setting its duration assuming that robot

desires to follow it with
1
3 of its maximum speed γ̃1i for search.
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Table 6.2: Effects of enforced continuity degree

Exp. # 7 8 9 10 11 12
ci 0 1 2 3 4 5

succ. rate 0.980 0.986 0.971 0.930 0.893 0.830

coll. rate 0.020 0.014 0.023 0.054 0.059 0.057

deadl. rate 0.000 0.000 0.006 0.018 0.053 0.119

s. coll. rate 0.001 0.000 0.000 0.000 0.000 0.003

d. coll. rate 0.019 0.014 0.023 0.054 0.059 0.056

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 30.87 29.23 28.57 28.50 28.31 28.29

pl. fail rate 0.001 0.012 0.041 0.093 0.121 0.154

avg. pl. dur. [ms] 49.83 51.79 53.36 55.05 53.77 54.82

6.4.2.2 Enforced Degree of Continuity

The degree of continuity ci we enforce in the trajectory optimization stage determines the smoothness of

the resulting trajectory. The search step enforces only position continuity and degree of continuity greater

than that is enforced solely by the trajectory optimizer.

To evaluate the effects of enforced degree of continuity to navigation performance, we compare the

navigation metrics when different degrees are enforced in single-robot experiments.

During these experiments, we do not set any maximum derivative magnitudes to evaluate the effects

of only the degree of continuity. We set τi = 2.5 s, T search
i = 75ms, ρ = 0.2, and #D = 25. ŝ is

sampled in interval [0.5 m
s , 1.0

m
s ], and repulsion strength f̂ is sampled in interval [0.2, 0.5] uniformly for

each obstacle.

We control the enforced degree of continuity ci, and report the metrics.

The results are summarized in Table 6.2. In general, success rates decrease and deadlock and collision

rates increase as the enforced degree of continuity increases. Interestingly, success rate from degree 0 to

degree 1 increases (red values in succ. rate row), which we adhere to the non-smooth changes in robot’s

position when ci = 0, causing hard to predict interactions between dynamic obstacles and the robot.

Navigation duration is not significantly affected by the enforced degree of continuity. Planning failure

rate increases with the enforced degree of continuity as seen in cyan values in pl. fail rate row, which
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is the main cause of collision rate increase. Average planning duration is not significantly affected by the

enforced degree of continuity, because the number of continuity constraints are insignificant compared to

safety constraints.

In the remaining experiments, we set ci = 2 for all robots i, i.e., enforce continuity up to acceleration,

unless explicitly stated otherwise.

6.4.2.3 Dynamic Limits

The discrete search stage limits maximum speed of the resulting discrete plan by enforcing maximum

speed γ̃1i (which is set to 5.0 m
s during the experiments). While this encourages limiting the maximum

speed of the resulting trajectory, trajectory optimization stage actually enforces the dynamic limits.

To evaluate the effects of different dynamic limits γki , we compare the navigation metrics when differ-

ent dynamic limits are enforced in single-robot experiments.

During these experiments, we set T search
i = 75ms, ρ = 0.2, and #D = 25. The desired speed ŝ of

dynamic obstacles is sampled in interval [0.5 m
s , 1.0

m
s ], and repulsion strength f̂ is sampled in interval

[0.2, 0.5] uniformly for each obstacle.

We control the maximum velocity γ1i and maximum acceleration γ2i , and report the metrics. We do

not decrease γ1i below 10 m
s , because search has a speed limit of γ̃1i = 5 m

s , and setting γ
1
i = 10 m

s enforces

10√
3
m
s ≈ 5.77 m

s speed limit in all dimensions. If a lower speed limit is required, maximum speed limit γ̃1i

of search should also be decreased.

The results are given in Table 6.3. Unsurprisingly, collision, deadlock and planning failure rates in-

crease and success rate decreases as the dynamic limits get more constraining. Since the velocity is limited

during the discrete search step explicitly, decreasing γ1i has a relatively smaller effect on metrics (cyan

values in succ. rate row) compared to decreasing γ2i (red values in succ. rate row).
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Table 6.3: Effects of dynamic limits

Exp. # 13 14 15 16 17 18
γ1
i [

m
s ] ∞ 15 10 10 10 10

γ2
i [

m
ss ] ∞ 20 20 15 10 7

succ. rate 0.977 0.961 0.961 0.955 0.897 0.844

coll. rate 0.022 0.035 0.037 0.037 0.101 0.148

deadl. rate 0.001 0.004 0.002 0.008 0.002 0.019

s. coll. rate 0.002 0.002 0.000 0.000 0.007 0.013

d. coll. rate 0.021 0.033 0.037 0.037 0.095 0.144

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 28.55 28.57 28.51 28.56 28.49 28.47

pl. fail rate 0.040 0.046 0.045 0.053 0.069 0.093

avg. pl. dur. [ms] 54.66 63.14 62.44 61.90 59.84 60.34

Table 6.4: Effects of repulsion strength

Exp. # 19 20 21 22 23 24
f̂ −0.5 0 0.5 1.5 3.0 6.0

succ. rate 0.818 0.897 0.915 0.936 0.970 0.991

coll. rate 0.182 0.102 0.084 0.064 0.030 0.009

deadl. rate 0.001 0.004 0.002 0.000 0.000 0.000

s. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

d. coll. rate 0.182 0.102 0.084 0.064 0.030 0.009

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 26.71 26.72 26.71 26.71 26.69 26.68

pl. fail rate 0.029 0.030 0.026 0.022 0.019 0.014

avg. pl. dur. [ms] 49.72 50.63 50.55 46.98 43.17 37.76

In the remaining experiments, we set γ1i = 10 m
s and γ2i = 15 m

s2
for all robots i, unless explicity stated

otherwise.

6.4.2.4 Repulsive Dynamic Obstacle Interactivity

The evaluate the behavior our planner with different levels of repulsive interactivity of dynamic obstacles,

we compare navigation metrics when dynamic obstacles use different repulsion strengths f̂ in single-robot

experiments. During these experiments, we set T search
i = 75ms, τi = 2.5 s, ρi = 0, and#D = 50.

We control the repulsion strength f̂ and report the metrics.

The results are summarized in Table 6.4. In general, as the repulsive interactivity increases, the collision

and deadlock rates decrease, and the success rate increases. In addition, the average planning duration
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Table 6.5: Effects of dynamic obstacle desired speed

Exp. # 25 26 27 28 29 30
ŝ[ms ] 0.5 0.75 1.0 1.5 2.5 5.0

succ. rate 0.937 0.914 0.900 0.864 0.717 0.272

coll. rate 0.062 0.086 0.099 0.136 0.283 0.728

deadl. rate 0.002 0.002 0.002 0.001 0.000 0.000

s. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

d. coll. rate 0.062 0.086 0.099 0.136 0.283 0.728

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 26.68 26.74 26.72 26.67 26.68 27.36

pl. fail rate 0.026 0.026 0.028 0.026 0.031 0.038

avg. pl. dur. [ms] 48.76 51.03 48.94 36.10 30.83 25.20

decreases as the repulsive interactivity increases, because the problem gets easier for the robot if dynamic

obstacles take some responsibility of collision avoidance even with a simple repulsion rule. In experiment

7, repulsion strength is set to −0.5 (cyan value), causing dynamic obstacles to get attracted to the robot,

i.e., they move towards the robot. Even in that case, the robot can achieve a high success rate, i.e., 0.818,

as it models dynamic obstacle interactivity.

In the remaining experiments, we sample f̂ in [0.2, 0.5], unless explicitly states otherwise.

6.4.2.5 Dynamic Obstacle Desired Speed

To evaluate the behavior of our planner in environments with dynamic obstacles having different desired

speeds, we control the desired speed ŝ and report the metrics in single-robot experiments.

During these experiments, we set ρi = 0, #D = 50, T search
i = 75ms, τi = 2.5 s.

The results are given in Table 6.5. The collision rates increase and the success rate decreases as the

desired speed of dynamic obstacles increase. Deadlock rates are close to 0 in all cases (cyan values in deadl.

rate row), because there are no static obstacles in the environment and dynamic obstacles eventually move

away from the robot. The average planning duration for the robot decreases as the desired speed increases

as it can be seen in red values in the avg. pl. dur. row. We attribute this to the dynamic obstacles with

constant velocity. As the desired speed of the dynamic obstacles increase, constant velocity obstacles leave
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Table 6.6: Effects of number of dynamic obstacles

Exp. # 31 32 33 34 35 36
#D 10 25 50 75 100 200

succ. rate 0.997 0.973 0.897 0.838 0.747 0.402

coll. rate 0.003 0.027 0.102 0.161 0.252 0.598

deadl. rate 0.000 0.000 0.004 0.007 0.017 0.087

s. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

d. coll. rate 0.003 0.027 0.102 0.161 0.252 0.598

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 26.69 26.69 26.72 26.72 26.76 28.05

pl. fail rate 0.005 0.013 0.027 0.037 0.049 0.098

avg. pl. dur. [ms] 17.88 30.72 50.59 65.90 76.68 104.70

the environment faster, causing the robot to avoid lesser number of obstacles, albeit faster obstacles. The

planning failure rate also increases with the increase in dynamic obstacle desired speeds as it can be seen

in orange values in pl. fail rate row, because the robot has to take abrupt actions more frequently to avoid

faster obstacles, causing the pipeline to fail because of dynamic limits of the robot.

In the remaining experiments we sample desired speed ŝ uniformly in interval [0.5 m
s , 1.0

m
s ].

6.4.2.6 Number of Dynamic Obstacles

To evaluate the behavior of our planner in environments with different number of dynamic obstacles, we

control the number of dynamic obstacles#D
, and report the metrics in single-robot experiments.

During these experiments, we set T search
i = 75ms, τi = 2.5 s, and ρ = 0.

The results are given in Table 6.6. Expectedly, as the number of dynamic obstacles increase, collision,

deadlock, and planning failure rates increase, and the success rate decreases. Average navigation duration

is not affected until the number of dynamic obstacles is increased from 100 to 200 as it can be seen in red

values in avg. nav. dur row. Even then, increase in navigation duration is small.
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Table 6.7: Effects of static obstacle density

Exp. # 37 38 39 40 41 42
ρ 0.1 0.2 0.3 0.4 0.5 0.6

succ. rate 0.998 0.998 0.999 0.985 0.984 0.991

coll. rate 0.000 0.000 0.001 0.004 0.005 0.000

deadl. rate 0.002 0.002 0.000 0.012 0.013 0.009

s. coll. rate 0.000 0.000 0.001 0.004 0.005 0.000

d. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 27.52 28.46 30.28 33.42 35.13 35.35

pl. fail rate 0.012 0.039 0.068 0.063 0.026 0.013

avg. pl. dur. [ms] 34.33 41.73 46.73 50.12 42.74 38.98

6.4.2.7 Static Obstacle Density

We control the static obstacle density ρ and report the metrics to evaluate the behavior of our planner in

environments with different static obstacle densities in single-robot experiments.

We set τi = 2.5 s, T search
i = 75ms. We set number of dynamic obstacles #D = 0 to evaluate the

affects of static obstacles only. Note that, during these experiments, desired trajectory is set using the with

prior strategy, meaning that the desired trajectory avoids all static obstacles. We do not mock sensing

imperfections of static obstacles.

The results are given in Table 6.7. The effect of ρ to success, collision, and deadlock rates is small.

This stems from the fact that desired trajectory is already good, and our planner has to track it as close as

possible. Average navigation duration increases with ρ because the environment gets more complicated,

causing the robot to traverse longer paths. From ρ = 0.1 to ρ = 0.4, planning failure rate and planning

duration increase, while from ρ = 0.4 to ρ = 0.6, they decrease as it can be seen in cyan and red values

in pl. fail rate and avg. pl. dur rows. The reason is the fact that as the environment density increases, it

is less likely that the shortest path from the start position to the goal position goes through the forest, as

there is no path through the forest. Instead, desired trajectory avoids the forest all together. This causes

planning to become easier.
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Table 6.8: Effects of the time limit of search with dynamic limits

Exp. # 43 44 45 46 47 48
T search
i [ms] 75 150 300 600 1000 2000

succ. rate 0.655 0.731 0.708 0.730 0.682 0.700

coll. rate 0.343 0.268 0.289 0.269 0.315 0.296

deadl. rate 0.013 0.013 0.014 0.018 0.026 0.022

s. coll. rate 0.031 0.016 0.005 0.003 0.001 0.000

d. coll. rate 0.339 0.268 0.288 0.269 0.315 0.296

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 29.15 29.11 29.05 28.81 420.97 28.83

pl. fail rate 0.078 0.082 0.089 0.107 0.119 0.130

avg. pl. dur. [ms] 108.51 145.55 205.40 300.02 420.97 688.66

6.4.2.8 Time Limit of Search

The time limit T search
i of the discrete search determines the number of states discovered and expanded

during the cost algebraic A* search, directly affecting the quality of the resulting plan. To evaluate the

affects of T search
i , we run our algorithm with different values of it and report the metrics in single-robot

experiments. During evaluations, we set T search
i to values from 75ms to 2000ms. Note that, for high

values of T search
i , the planning is not real-time anymore. However, we still evaluate the hypothetical

performance of our algorithm by freezing the simulation until the planning is done.

During these experiments we set τi = 2.5 s, ρ = 0.2, and #D = 100.

First set of results are summarized in Table 6.8. Surprisingly, as T search
i increases, the collision and

deadlock rates increase and the success rate decreases as it can be seen by comparing cyan values to red

values, except for the change from 75ms to 150ms. This is surprising because, discrete search theoreti-

cally produces no worse plans than before as the time allocated for it increases. The reason of this stems

from the dynamic limits of the robot. We enforce continuity up to acceleration, maximum velocity 10 m
s

and maximum acceleration 15 m
s2
. Enforcing these during trajectory optimization becomes harder as the

discrete plan gets more and more complicated, having more rotations and speed changes. Increasing the

time allocated to discrete search makes it more likely to produce complicated plans. Increase in planning

failure rates support this argument, as it can be seen in orange values in pl. fail rate column.
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Table 6.9: Effects of the time limit of search without dynamic limits

Exp. # 49 50 51 52 53 54
T search
i [ms] 75 150 300 600 1000 2000

succ. rate 0.828 0.892 0.922 0.934 0.926 0.933

coll. rate 0.170 0.107 0.076 0.061 0.074 0.066

deadl. rate 0.003 0.003 0.002 0.005 0.000 0.001

s. coll. rate 0.003 0.000 0.000 0.000 0.000 0.000

d. coll. rate 0.169 0.107 0.076 0.061 0.074 0.066

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 29.80 29.90 29.69 29.50 29.47 29.54

pl. fail rate 0.015 0.017 0.024 0.035 0.043 0.049

avg. pl. dur. [ms] 97.27 134.80 192.80 301.26 437.43 742.61

To further support this argument, we run another set of experiments in which we set ci = 1, γ1i =∞,

and γ2i = ∞. The results are given in Table 6.9. This time, deadlock and collision rates decrease and

the success rate increases as T search
i increases as it can be seen in cyan values. Planning failure rate also

increases (red values in pl. fail rate row) but its effects are not detrimental to collision and deadlock rates

like before.

In the remaining experiments, we set T search
i = 75ms.

6.4.2.9 Desired Planning Horizon

The desired planning horizon τi is used by the goal selection stage. The goal selection stage selects the

position on the desired trajectory that is one planning horizon away from the closest point on the desired

trajectory to robot’s current position as the goal position if robot is collision-free when placed on it. As τi

increases, our planner tends to plan longer and longer trajectories.

We evaluate the effects of τi to navigation performance by changing its value and reporting navigation

metrics in single-robot experiments. In these experiments, we set ρ = 0.2, and #D = 25.

The results are summarized in Table 6.10. When τi is set to 1.0 s, the robot tends to plan shorter

trajectories, limiting its longer horizon decision making ability. Increasing τi to 2.5 s, decreases collision

and deadlock rates and increases the success rate, as well as the average navigation duration compared to
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Table 6.10: Effects of the desired planning horizon

Exp. # 55 56 57 58 59 60
τi[s] 1.0 2.5 5.0 7.5 10.0 20.0

succ. rate 0.943 0.948 0.935 0.924 0.906 0.883

coll. rate 0.052 0.046 0.061 0.066 0.074 0.093

deadl. rate 0.008 0.006 0.004 0.011 0.022 0.031

s. coll. rate 0.001 0.002 0.004 0.009 0.015 0.049

d. coll. rate 0.052 0.045 0.058 0.058 0.064 0.058

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 29.52 28.49 28.42 28.33 28.32 28.61

pl. fail rate 0.053 0.052 0.069 0.071 0.063 0.050

avg. pl. dur. [ms] 58.71 62.55 80.71 119.52 152.78 195.13

τi = 1.0 s, which can be seen by comparing the cyan and red values. However, increasing τi more causes

an increase in collision and deadlock rates and a decrease in the success rate, which can be seen in orange

values. The reason is that increasing τi causes distance between the goal position and robot’s current

position to increase. As the distance to the goal position increases, the discrete search step needs more

time to produce high quality discrete plans. Since T search
i is fixed during these experiments, increasing τi

causes robot to collide or deadlock more.

In the remaining experiments, we set τi = 2.5 s.

6.4.2.10 Dynamic Obstacle Sensing Uncertainty

The dynamic obstacle sensing uncertainty is modeled by i) applying a zero mean Gaussian with covariance

Σi to the sensed positions and velocities of dynamic obstacles and ii) randomly inflating dynamic obstacle

shapes by a zero mean Gaussian with standard deviation σi. These create three inaccuracies reflected to

our planner: i) dynamic obstacle shapes provided to our planner become wrong, ii) prediction inaccuracy

increases, and iii) current positions pdyn
i,j of dynamic obstacles provided to the planner become wrong.

Our planner models uncertainty across behavior models by using realization probabilities, but does not

explicitly account for current position or shape uncertainty.
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Table 6.11: Effects of dynamic obstacle sensing uncertainty

Exp. # 61 62 63 64 65 66
Σi[×I2d] 0.0 0.1 0.1 0.2 0.2 0.5

σ 0.0 0.0 0.1 0.1 0.2 0.5

succ. rate 0.905 0.879 0.832 0.797 0.661 0.410

coll. rate 0.094 0.119 0.168 0.203 0.339 0.590

deadl. rate 0.001 0.003 0.002 0.001 0.004 0.009

s. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

d. coll. rate 0.094 0.119 0.168 0.203 0.339 0.590

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 26.71 26.70 26.70 26.71 26.69 26.72

pl. fail rate 0.026 0.030 0.028 0.029 0.031 0.037

avg. pl. dur. [ms] 59.76 55.53 54.54 54.83 54.46 56.15

Table 6.12: Effects of dynamic obstacle inflation under dynamic obstacle sensing uncertainty of Σi =
0.2I2d, σi = 0.2.

Exp. # 67 68 69 70 71 72
inflation [m] 0.2 0.5 1.0 1.5 2.0 4.0

succ. rate 0.779 0.818 0.747 0.617 0.417 0.057

coll. rate 0.220 0.182 0.250 0.382 0.581 0.943

deadl. rate 0.003 0.001 0.005 0.007 0.003 0.000

s. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

d. coll. rate 0.220 0.182 0.250 0.382 0.581 0.943

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 26.70 26.72 26.93 27.16 27.79 26.81

pl. fail rate 0.032 0.035 0.047 0.058 0.067 0.021

avg. pl. dur. [ms] 57.80 63.014 70.92 74.63 72.66 23.13

To evaluate our planner’s performance under different levels of dynamic obstacle sensing uncertainty,

we control Σi and σi and report the metrics in single-robot experiments. During these experiments, we

set ρ = 0 to evaluate the effects of dynamic obstacles only. We set#D = 50.

The results are given in Table 6.11. Σi is set to a constant multiple of identity matrix I2d of size 2d×2d

in each experiments. Expectedly, as the uncertainty increases, success rate decreases. Increase in collision

and deadlock rates are also seen. Similarly, planning failure rate tends to increase as well.

One common approach to tackle unmodeled uncertainty for obstacle avoidance is artificially inflating

shapes of obstacles. To show the effectiveness of this approach, we set Σi = 0.2I2d and σi = 0.2, and

inflate the shapes of obstacles with different amounts during planning. The results of these experiments
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Table 6.13: Effects of static obstacle sensing uncertainty

Exp. # 73 74 75 76 77 78
imperfections L(0.2) L(0.2)2 L(0.3)2I L(0.3)2ID L(0.3)2IDL(0.2) L(0.3)2IDL(0.5)

succ. rate 0.994 0.992 0.986 0.956 0.971 0.949

coll. rate 0.001 0.003 0.005 0.037 0.020 0.039

deadl. rate 0.005 0.005 0.009 0.007 0.009 0.015

s. coll. rate 0.001 0.003 0.005 0.037 0.020 0.039

d. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

t. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

avg. nav. dur. [s] 27.49 27.53 27.73 27.49 27.55 28.18

pl. fail rate 0.029 0.041 0.053 0.038 0.047 0.063

avg. pl. dur. [ms] 36.16 41.76 53.39 40.58 46.41 67.65

are given in Table 6.12. Inflation clearly helps when done in reasonable amounts. When inflation is set

to 0.2m, success rate increases from 0.661 as reported in Table 6.11 (cyan value) to 0.779. It further

increases to to 0.818when inflation amount is set to 0.5m, which can be seen in cyan values in Table 6.12.

However, as the inflation amount increases more, metrics start to degrade as the planner becomes overly

conservative. Success rate decreases down to 0.057 when the inflation amount is set to 4.0m as it can be

seen in the red value in Table 6.12.

6.4.2.11 Static Obstacle Sensing Uncertainty

As we describe in Section 6.4.1.1, we use three operations to model sensing imperfections of static ob-

stacles: i) increaseUncertainty, ii) leakObstacles(pleak), and iii) deleteObstacles. We evaluate the effects of

static obstacle sensing uncertainty by applying a sequence of these operations to the octree representation

of static obstacles, and provide the resulting octree to our planner in single-robot experiments. Application

of leakObstacles increases the density of the map, but the resulting map contains the original obstacles.

increaseUncertainty does not change the density of the map, but increases the uncertainty associated with

the obstacles. deleteObstacles decreases the density of the map, but the resulting map may not contain the

original obstacles, leading to unsafe behavior. In these experiments, we set ρ = 0.1, and#D = 0.
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The results are given in Table 6.13. In imperfections row of the table, we useL(pleak) as an abbreviation

for leakObstacles(pleak), and L(pleak)
n
as an abbreviation for repeated application of leakObstacles to the

octree. We use I for increaseIncertainty, and D for deleteObstacles. Leaking obstacles or increasing the

uncertainty associated with them does not increase the collision and deadlock rates significantly as seen

in the cyan values. The planning duration and failure rates increase as the number of obstacles increases.

Deleting obstacles causes a sudden jump of the collision rate as it can be seen between cyan and red values

because the planner does not know about existing obstacles. Leaking obstacles back with pleak = 0.2 after

deleting them decreases the collision rate back as it can be seen between red and orange values. However,

leaking obstacles with high probability increases the collision rate back as it can be seen between orange

and magenta values. This happens because the environments get significantly more complicated because

the number of obstacles increase. Complication of the environments can also be seen by the increased

deadlock rate.

6.4.2.12 Teammate Safety Enforcement Strategies

During discrete search, we compute active DSHT violation cost term Jteam for each state and minimize

it as a part of our cost vector. An alternative way of ensuring teammate avoidance is using active DSHTs

as constraints, and enforcing them by discarding any state that violates any of the hyperplanes during

search. Using active DSHTs as constraints instead of a cost term ensures teammate avoidance as discussed

in Chapter 5. However, we show that using DSHTs as constraints results in a conservative behavior when

communication medium is imperfect, and using them as cost terms results in better performance in envi-

ronments with dynamic obstacles or high message delays and drops.

In these experiments, we set static object density ρ = 0, and teammate safety enforcement duration

T team
i = ∞. The dynamic objects are not interactive, i.e., f̂ = 0. The number of robots is #R = 16. We

147



Table 6.14: Effects of teammate safety enforcement strategies under imperfect communication with or

without dynamic objects

Exp. # δ[s] κ #D
Safety succ. rate coll. rate deadl. rate s. coll. rate d. coll. rate t. coll. rate avg. nav. dur. [s] pl. fail rate avg. pl. dur. [ms]

79 0.0 0.0 0
Constraint 1.000 0.000 0.000 0.000 0.000 0.000 61.17 0.000 200.84

Cost 1.000 0.000 0.000 0.000 0.000 0.000 60.45 < 0.001 168.90

80 0.0 0.0 50
Constraint 0.791 0.209 0.001 0.000 0.209 0.000 44.12 0.007 260.44

Cost 0.952 0.048 0.000 0.000 0.045 0.004 45.35 0.005 164.06

81 0.25 0.1 0
Constraint 1.000 0.000 0.000 0.000 0.000 0.000 75.46 0.000 258.24

Cost 1.000 0.000 0.000 0.000 0.000 0.000 65.97 < 0.001 249.36

82 0.25 0.1 50
Constraint 0.798 0.202 0.001 0.000 0.202 0.000 54.42 0.007 230.55

Cost 0.956 0.044 0.000 0.000 0.043 0.003 50.18 0.006 208.89

83 1.0 0.25 0
Constraint 0.983 0.000 0.017 0.000 0.000 0.000 105.0 0.000 486.86

Cost 0.995 0.000 0.005 0.000 0.000 0.000 82.49 < 0.001 382.10

84 1.0 0.25 50
Constraint 0.709 0.291 0.000 0.000 0.291 0.000 72.36 0.005 360.38

Cost 0.923 0.076 0.001 0.000 0.072 0.006 59.21 0.008 297.25

85 5.0 0.75 0
Constraint 0.015 0.000 0.985 0.000 0.000 0.000 141.22 0.000 1951.44

Cost 0.490 0.000 0.510 0.000 0.000 0.000 128.97 < 0.001 1042.66

86 5.0 0.75 50
Constraint 0.047 0.436 0.875 0.000 0.436 0.000 114.52 0.004 1735.21

Cost 0.702 0.289 0.013 0.000 0.250 0.067 79.06 0.037 768.56

control the average delay δ, message drop probability κ, number of dynamic obstacles#D
, and the safety

enforcement strategy. The results are given in Table 6.14.

When the safety between teammates are enforced with constraints, robots never collide with each

other as it can be seen in red values in t. coll. rate column. This is the case because teammate con-

straint generation method we use makes sure that trajectories of each pair of robots share a constraining

hyperplane at all times under asynchronous planning and communication imperfections. When these con-

straints are used as hard constraints throughout the trajectory, robots provably never collide (Chapter 5).

When teammate safety is enforced as a cost term, our algorithm can still achieve no collisions between

teammates when there are no dynamic objects in the environment as it can be seen in teal values in t. coll.

rate column. However, when dynamic objects are present, teammates may collide with each other as it

can be seen in cyan values in t. coll. rate, since we prioritize dynamic obstacle avoidance to teammate

avoidance during search.

As the average message delay and message drop rate increases, our algorithm becomes more and

more conservative for teammate safety. When there are no dynamic obstacles in the environment or

when the teammate safety is enforced as constraints, this causes conservative behavior, increasing average

navigation duration as well as the deadlock rate as it can be seen in magenta values in deadl. rate and

avg. nav. dur columns. In addition, sizes of H̃active
i increases in these scenarios, causing the number
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of constraints to increase substiantially during trajectory optimization, slowing down the algorithm such

that it is not real-time anymore as it can be seen in orange values in avg. pl. dur. column.

Even if enforcing teammate safety as constraints ensures collision avoidance between teammates, it

results in a higher collision rate and a lower success rate compared to enforcing it with a cost term when

dynamic objects are introduced to the environment as it can be seen in brown values in succ. rate, coll.

rate, and d. coll. rate. columns. Enforcing teammate safety using constraints causes robots to be conser-

vative against teammates to ensure safety under asynchronous planning and imperfect communication.

Since dynamic objects do not explicitly cooperate with the teammates, this causes teammates to collide

with dynamic objects because the feasible set of plans is considerably smaller. Also, enforcing teammate

safety using a cost term takes a lower planning duration as it can be seen in avg. pl. dur. column and

robots reach to their goal positions faster as it can be seen in avg. nav. dur. column.

Overall, using active DSHTs as a part of a cost term is a better choice as it results in a higher success

rate, lower collision rate and lower navigation duration using less time.

6.4.2.13 Teammate Safety Enforcement Duration

Enforcing teammate safety for the full trajectories causes planning to be not real-time and results in a

high rate of deadlocks when communication imperfections are high. We investigate the effects of relaxing

teammate constraints by controlling safety enforcement durations T team
i . In these experiments, we set

ρ = 0, #D = 50, f̂ = 0, δ = 0.25 s, κ = 0.1, and #R = 16. Hence, these experiments can be

compared with experiment 82 in Table 6.14 when safety is enforced using a cost term. The results are

given in Table 6.15.

The average navigation duration of the robots tends to increase as T team
i increases, because the planner

becomes more and more conservative, as it can be seen in orange values. Setting T i
team = 1.0 results in

the best success rate, 0.964, as seen in the red value. The average planning duration decreases by ≈ 50%
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Table 6.15: Effects of teammate safety duration

Exp. # 87 88 89 90 91 92
Tteam 0.0 0.5 1.0 1.5 2.0 2.5

succ. rate 0.300 0.748 0.964 0.963 0.961 0.933

coll. rate 0.700 0.252 0.036 0.038 0.039 0.068

deadl. rate 0.000 0.001 0.000 0.000 0.000 0.000

s. coll. rate 0.000 0.000 0.000 0.000 0.000 0.000

d. coll. rate 0.068 0.098 0.036 0.038 0.036 0.058

t. coll. rate 0.677 0.183 0.001 0.000 0.005 0.010

avg. nav. dur. [s] 27.57 30.55 37.60 44.71 51.01 49.38

pl. fail rate 0.011 0.025 0.008 0.005 0.005 0.006

avg. pl. dur. [ms] 46.58 77.87 115.30 153.47 195.93 205.35

when T i
team is set to 1.0 compared to setting it∞, greatly increasing the cases our algorithm is real-time

as it can be seen in the magenta value compared to the red value in Table 6.14. The success rate of 0.964

is higher than that of experiment 82 in Table 6.14, which is 0.956. In addition, the average navigation

duration decreases to 37.60 compared to 50.18 in Table 6.14. Relaxing safety against teammates not only

decreases planning and navigation durations, but improves the success rate of the algorithm.

In the remaining experiments, we set T team
i = 1.0.

6.4.3 Baseline Comparisons in Simulations

We summarize the collision avoidance and deadlock-free navigation comparisons between state-of-the-art

decentralized navigation decision making algorithms in Figure 6.7. The comparison graph suggests that

SBC [121], RLSS (Chapter 4), RMADER [50], and TASC [117, 116] are the best performing algorithms.

TASC and RMADER are shown to have a similar collision avoidance performance in [116]. Therefore,

we compare our algorithm DREAM to SBC, RLSS, and RMADER, and establish that it results in a better

performance than them. SBC is a short horizon algorithm: it computes next safe acceleration to execute

to drive the robot to its goal position each iteration. RMADER, RLSS, and DREAM are medium horizon

algorithms: they compute long trajectories, which they execute for a shorter duration in a receding horizon

fashion.
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All of our baselines drive robots to their given goal positions. We add support of desired trajectories by

running our goal selection algorithm in every planning iteration, and providing the selected goal position

as intermediate goal positions.
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Figure 6.7: Collision avoidance and deadlock-free navigation comparisons of state-of-the-art de-
centralized multi-robot navigation decision making algorithms. A directed edge means that the

source algorithm is shown to be better than the destination algorithm in experiments with multiple robots

in some environments. TASC and RMADER are shown to have a similar collision avoidance performance

in [116]. We compare our algorithm to SBC [121], RLSS [99, 98], and RMADER [50] and establish that it

results in a better performance than the listed state-of-the-art baselines.
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6.4.3.1 Using RMADER in Comparisons

RMADER is a real-time decentralized trajectory planning algorithm for static and dynamic obstacle and

multi-robot collision avoidance. It explicitly accounts for asynchronous planning between robots using

communication, and accounts for communication delays with known bounds. It models dynamic obstacle

movements using predicted trajectories. It does not explicitly model robot–dynamic obstacle interactions.

Dynamic obstacles move according to movement and interaction models in our formulation. We con-

vert movement models to predicted trajectories by propagating dynamic obstacles’ positions according

to the desired velocities from the movement models. Since the interactive behavior of dynamic obstacles

depend on the trajectory that the robot is going to follow, which is computed by the planner, their effect

to the future trajectories are unknown prior to planning. Therefore, we do not use interactive obstacles

during baseline comparisons.

We use the code of RMADER published by its authors [35] and integrate it to our simulation system. We

set desired maximum planning time of RMADER to 500ms in each planning iteration, which it exceeds if

needed, even when the simulated replanning period is smaller. We freeze the environment until RMADER

is done replanning to cancel the affects of exceeding the replanning period.

Our prediction system generates three behavior models for each dynamic obstacle. RMADER does

not support multiple behavior hypotheses explicitly. Therefore, RMADER has the choice of avoiding most

likely or all behavior models of dynamic obstacles, modelling each behavior model as a separate obstacle.

We provide only the most likely behavior models to RMADER during evaluation, because avoiding all

behavior models resulted in a highly conservative behavior.
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6.4.3.2 Using RLSS in Comparisons

RLSS is a real-time decentralized trajectory planning algorithm for static obstacle and multi-robot collision

avoidance. It does not account for asynchronous planning between teammates. It does not utilize commu-

nication and depends position/shape sensing only. When using RLSS in comparisons, we model dynamic

obstacles as robots, and provide their current positions and shapes to the planning algorithm. We use our

own implementation of RLSS during our comparisons.

6.4.3.3 Using SBC in Comparisons

SBC is a safety barrier certificates based safe controller for static and dynamic obstacle and multi-robot

collision avoidance. SBC runs at a high frequency (> 50Hz), therefore it does not need to account for

asynchronous planning. It does not utilize communication and depends on position, velocity and shape

sensing. When simulating SBC, we do not use the predicted behavior models and feed the current posi-

tions and velocities of the dynamic obstacles to the algorithm, which assumes that the dynamic obstacles

executes the same velocity for the short future (< 20ms).

SBCmodels shapes of obstacles and robots as hyperspheres. We provide shapes of objects to SBC as the

smallest hyperspheres containing the axis aligned boxes. We sample robot sizes in interval [0.1m, 0.2m]

instead of [0.2m, 0.3m] in SBC runs so that the robot can fit between static obstacles easily when its

collision shape is modelled using bounding hyperspheres. (Since resolution of octrees we generate is

0.5m, the smallest possible gap between static obstacles is 0.5m.) We use our own implementation of

SBC.
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Table 6.16: Baseline comparisons in single robot scenarios

Exp. # ρ #D
Alg. succ. rate coll. rate deadl. rate s. coll. rate d. coll. rate t. coll. rate avg. nav. dur. [s] pl. fail rate avg. pl. dur. [ms]

93 0.0 15

SBC 0.992 0.008 0.000 0.000 0.008 0.000 33.96 0.001 0.26

RMADER 0.960 0.036 0.008 0.000 0.036 0.000 25.31 0.100 19.24

RLSS 0.776 0.224 0.012 0.000 0.224 0.000 26.80 0.052 6.69

DREAM 0.984 0.016 0.000 0.000 0.016 0.000 26.67 0.008 13.93

94 0.1 15

SBC 0.352 0.648 0.236 0.648 0.004 0.000 34.46 0.006 0.73

RMADER 0.756 0.096 0.212 0.000 0.096 0.000 38.17 0.313 341.14

RLSS 0.816 0.184 0.008 0.000 0.184 0.000 27.26 0.034 28.37

DREAM 0.984 0.016 0.000 0.000 0.016 0.000 27.47 0.025 21.09

95 0.2 15

SBC 0.072 0.928 0.564 0.928 0.044 0.000 35.25 0.011 1.47

RMADER 0.456 0.204 0.516 0.000 0.204 0.000 49.74 0.470 769.83

RLSS 0.780 0.204 0.036 0.000 0.204 0.000 28.36 0.088 48.07

DREAM 0.988 0.012 0.000 0.000 0.012 0.000 28.31 0.043 25.56

96 0.2 25

SBC 0.080 0.920 0.560 0.920 0.068 0.000 37.09 0.019 1.47

RMADER 0.400 0.264 0.568 0.000 0.264 0.000 50.77 0.535 751.45

RLSS 0.752 0.228 0.044 0.000 0.228 0.000 28.66 0.095 35.59

DREAM 0.956 0.040 0.008 0.000 0.040 0.000 28.28 0.059 31.54

97 0.2 50

SBC 0.056 0.944 0.556 0.944 0.144 0.000 42.23 0.032 1.42

RMADER 0.116 0.632 0.844 0.000 0.632 0.000 49.79 0.755 890.89

RLSS 0.536 0.448 0.064 0.000 0.448 0.000 29.33 0.151 52.93

DREAM 0.900 0.100 0.008 0.000 0.100 0.000 28.46 0.073 47.02

98 0.3 50

SBC 0.008 0.992 0.788 0.992 0.212 0.000 48.75 0.041 1.92

RMADER 0.092 0.536 0.904 0.000 0.536 0.000 56.68 0.745 1217.24

RLSS 0.536 0.436 0.160 0.000 0.436 0.000 31.28 0.237 171.81

DREAM 0.884 0.116 0.000 0.000 0.116 0.000 30.25 0.080 48.10

6.4.3.4 Single Robot Experiments

We compare our planner DREAM with the baselines in environments with different static obstacle den-

sities ρ and number of dynamic obstacles #D
in single-robot experiments. The results are summarized

in Table 6.16.

SBC’s performance decreases sharply when static obstacles are introduced to the environment as it

can be seen in red values in succ. rate column. SBC mainly suffers from collisions with static obstacles

compared to dynamic obstacles (cyan vs orange values). All medium horizon algorithms can avoid static

obstacles perfectly (magenta values).

SBC and RMADER result in a high deadlock rate as it can be seen in green values. The reason SBC

results in a high ratio of deadlocks is its short horizon decision making setup. Since it does not consider

longer horizon effects of the generated actions, as the environment density increases, it tends to deadlock.

RMADER results in a high ratio of planning failures as the density increases as it can be seen in brown

values in pl. fail rate column, which causes it to consume the generated plans and not being able generate

new ones, which results in deadlocks. RLSS has better deadlock avoidance compared to SBC and RMADER,
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Table 6.17: Baseline comparisons inmulti robot scenarios with δ = 1 s average delay and κ = 0.25message

drop probability for our algorithm and δ = 1 s maximum delay and no message drops for RMADER. SBC

and RLSS do not depend on communication.

Exp. # ρ #D #R
Alg. succ. rate coll. rate deadl. rate s. coll. rate d. coll. rate t. coll. rate avg. nav. dur. [s] pl. fail rate avg. pl. dur. [ms]

99 0.2 25 16

SBC 0.059 0.941 0.483 0.941 0.126 0.004 38.82 0.021 1.58

RMADER 0.116 0.551 0.870 0.000 0.551 0.001 60.90 0.932 813.71

RLSS 0.488 0.508 0.039 0.000 0.428 0.134 34.95 0.259 97.78

DREAM 0.960 0.036 0.005 0.003 0.035 0.000 40.77 0.014 123.68

100 0.2 25 32

SBC 0.061 0.938 0.450 0.937 0.121 0.003 39.13 0.018 1.62

RMADER 0.112 0.520 0.868 < 0.001 0.514 0.008 62.82 0.923 912.37

RLSS 0.471 0.521 0.059 0.000 0.373 0.225 35.53 0.354 90.16

DREAM 0.841 0.097 0.069 0.006 0.074 0.026 60.31 0.014 185.87

101 0.3 25 16

SBC 0.006 0.994 0.691 0.994 0.184 0.001 42.68 0.028 1.78

RMADER 0.054 0.534 0.935 0.000 0.533 0.003 68.67 0.952 1457.58

RLSS 0.591 0.396 0.056 0.000 0.332 0.093 38.47 0.324 300.33

DREAM 0.941 0.051 0.011 0.005 0.044 0.003 42.53 0.020 120.33

102 0.3 25 32

SBC 0.006 0.993 0.669 0.993 0.191 0.006 40.40 0.031 1.79

RMADER 0.027 0.449 0.973 0.000 0.449 0.004 64.90 0.934 1675.96

RLSS 0.503 0.486 0.064 0.000 0.343 0.209 39.10 0.440 282.33

DREAM 0.782 0.108 0.127 0.014 0.081 0.025 58.04 0.019 178.71

103 0.3 50 16

SBC 0.006 0.994 0.636 0.993 0.318 0.003 47.60 0.046 1.96

RMADER 0.042 0.726 0.959 0.000 0.726 0.000 58.19 0.937 1396.72

RLSS 0.402 0.592 0.073 0.000 0.533 0.116 39.15 0.375 354.34

DREAM 0.864 0.128 0.012 0.006 0.122 0.008 43.30 0.023 128.87

104 0.3 50 32

SBC 0.006 0.993 0.646 0.992 0.348 0.011 44.82 0.050 2.01

RMADER 0.047 0.516 0.938 0.000 0.516 0.000 63.68 0.909 1086.02

RLSS 0.357 0.634 0.098 0.000 0.540 0.197 39.77 0.475 325.69

DREAM 0.712 0.216 0.093 0.018 0.183 0.046 59.46 0.028 189.06

but it too results in deadlocks as the environment density increases as it can be seen in purple value in

deadl. rate column. DREAM results in little to no deadlocks (yellow values).

In terms of the success rate, DREAM considerably improves the state-of-the-art, resulting in ≈ 110x

improvement over SBC,≈ 9.6x improvement over RMADER, and≈ 1.65x improvement over RLSS in the

hardest scenario (violet values in succ. rate column).

6.4.3.5 Multi Robot Experiments

We compare our planner with the baselines in highly cluttered environments with different ρ, #D
and

#R
. During these experiments, we simulate communication imperfections. SBC and RLSS do not depend

on communication and hence communication imperfections do not effect them. RMADER accounts for

message delays with known bounds. DREAM accounts for message delays with unknown bounds as well

as message drops.

For DREAM, we introduce mean communication delay δ = 1s and message drop probability κ =

0.25. Since RMADER does not account for message drops, we set κ = 0.0 for RMADER. In addition,
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in RMADER, we bound communication delays with the mean δ by generating a random sample from

the distribution and setting it to δ if it is more than δ. Therefore, DREAM runs in considerably more

challenging environments during these experiments compared to RMADER. RMADER has a delay check

phase to account for communication delays, which should run for at least the maximum communication

delay. We set its duration to 1.1 s. The environments used are more challenging compared to single-robot

experiments, as not only ρ and #D
are high, but also multiple teammates navigate under asynchronous

decision making and considerable communication imperfections.

The results are summarized in Table 6.17. SBC is ineffective for navigating in environments with high

clutter (red values in succ. rate column). Since the communication imperfections are high, RMADER

results in conservative behavior, resulting in deadlocks. Given that it already results in considerable rate

of deadlocks in single-robot scenarios, almost all robots using RMADER deadlock in the hardest scenarios

(cyan values in deadl. rate column). The high planning failure rate of RMADER (magenta values in pl.

fail rate column) is the main cause of the deadlocks: once plans are consumed and planning fails, it keeps

failing until the end of the simulation.

Both RLSS and RMADER results in no collisions against static obstacles as they i) avoid static obstacles

using hard constraints unlike DREAM, and ii) they enforce static obstacle avoidance for the full horizon

unlike SBC (orange values in s. coll. rate column). DREAM results in the lowest dynamic obstacle avoid-

ance rate (violet values in d. coll. rate column). RLSS results in high teammate collisions, because it is

the only algorithm that is effected by asynchronous planning but does not account for it (brown values in

t. coll. rate column).

In terms of success rate, DREAM considerably improves the state-of-the-art, resulting in ≈ 156.8x

improvement over SBC, ≈ 28.96x improvement over RMADER, ≈ 2.15x improvement over RLSS (bold

values in succ. rate column).
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(a) A teammate navigating through six rotating not inter-

active obstacles.

(b) A teammate navigating through six constant velocity

repulsive obstacles.

(c) A teammate navigating through three goal attractive

repulsive and three goal attractive not interactive obsta-

cles.

(d) Four teammates navigating through three rotating not

interactive dynamic obstacles and a static obstacle.

Figure 6.8: Pictures from physical robot experiments. We implement our algorithm for physical

quadrotor flight. We conduct single and multi robot experiments to show the real-world applicability of

our algorithm in various environments. In our physical robot experiments, teammates navigate through

the environments without collisions or deadlocks. The recordings of the physical robot experiments can

be found in the supplemental video.

6.4.4 Physical Robot Experiments

We implement and run our planner for Crazyflie 2.1 quadrotors. We use quadrotors as i) dynamic obsta-

cles moving according to goal attractive, rotating, or constant velocity movement models and repulsive

interaction model, ii) static obstacles, and iii) teammates navigating to their goal positions using our plan-

ner. Each planning quadrotor runs the predictors in real-time to generate a probability distribution over

behavior models of each dynamic obstacle. Then, it runs our planner to compute trajectories in real-time.

For obstacle and robot localization, we use VICONmotion tracking system, andwemanage the Crazyflies

using Crazyswarm [86]. We use Robot Operating System (ROS) [89] as the underlying software system.

157



Predictors and our algorithm run on a separate process for each robot in a basestation computer with

Intel(R) Xeon(R) CPU E5-2630 v4 @2.20GHz CPU, running Ubuntu 20.04 as the operating system.

Pictures from the physical experiments can be seen in Figure 6.8. The recordings from our physical

experiments can be found in our supplemental video. Our physical experiments show the feasibility of

running our planner in real-time in the real world.

6.5 Conclusion

In this chapter, we present DREAM – a decentralized multi-robot real-time trajectory planning algorithm

for mobile robots navigating in environments with static and interactive dynamic obstacles. DREAM ex-

plicitly minimizes collision probabilities against static and dynamic obstacles and DSHT violations against

teammates as well as distance, duration, and rotations using a multi-objective search method; and energy

usage during optimization. The behavior of dynamic obstacles are modeled using two vector fields, namely

movement and interaction models. DREAM simulates the behaviors of dynamic obstacles during decision

making in response to the actions the planning robot is going to take using the interaction model. We

present three online model based prediction algorithms to predict the behavior of dynamic obstacles and

assign probabilities to them. We extensively evaluate DREAM in different environments and configura-

tions and compare it with three state-of-the-art decentralized real-time multi-robot navigation decision

making methods. DREAM considerably improves the state-of-the-art, achieving up to 1.68x success rate

using as low as 0.28x time in single-robot, and up to 2.15x success rate using as low as 0.36x time in multi-

robot experiments compared to the best baseline. We show its feasibility in the real-world by implementing

and running it for quadrotors.
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Chapter 7

Multi-Robot Aware Planning and Control Stack for Collision-free and

Deadlock-free Navigation in Cluttered Environments

In Chapters 4 to 6, we focus on medium horizon decision making algorithms deployed in a decentralized

fashion. In this chapter, we introduceMRNAV, a framework for planning and control to effectively navigate

in environments with static and dynamic obstacles, which can optionally be interactive, as well as team-

mates. Our design utilizes short, medium, and long horizon decision making modules with qualitatively

different properties, and defines the responsibilities of them. The decision making modules complement

each other and provide the effective navigation capability. MRNAV is the first hierarchical approach com-

bining these three levels of decision making modules and explicitly defining their responsibilities. We

implement our design for simulated multi-quadrotor flight. In our evaluations, we show that all three

modules are required for effective navigation in diverse situations. We show the long-term executability

of our approach in an eight hour long wall time (six hour long simulation time) uninterrupted simulation

without collisions or deadlocks.

This chapter is based on Baskın Şenbaşlar et al. “MRNAV: Multi-Robot Aware Planning and Control Stack for Collision and

Deadlock-free Navigation in Cluttered Environments”. In: arXiv preprint arXiv:2308.13499 (2023). Additional experiments are

added to discuss the limits of the design.
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Supplemental Videos

Experiment Recordings: https://youtu.be/6WC0YCEctoE

Long Term Execution: https://youtu.be/LEMNKBRULg4

7.1 Introduction

MRNAV is a planning and control stack design for collision and deadlock-free navigation of multi-robot

teams in cluttered environments, which might contain static and dynamic obstacles that can optionally

be interactive. Hence, our system provides a solution for navigation in all types of environments. We

discuss the design as well as deployment options for the components. MRNAV has a clear interface to

interoperate with perception, localization, mapping, and prediction subsystems that might exist in a full

robotic navigation stack.

The main novelty of our design is utilizing three different navigation decision making components,

namely long, medium, and short horizon decision making modules, with qualitatively different collision

and deadlock-free navigation capabilities and argue that effective multi-robot navigation requires a harmo-

nious operation of them. These qualitatively different multi-robot navigation decision making approaches

are not alternatives, but complements of each other. MRNAV is the first hierarchical approach combining

these three qualitatively different decision making components.

Vital properties of MRNAV include assurance of dynamic feasibility of the actions generated, real-time

executability, compliance with communication imperfections (including message drops, delays, and re-

orderings, and not depending on communication for collision-free operation), and reasonable liveness of

the system, i.e., not being overly conservative for collision-free operation.

We provide a concrete implementation of our design for navigation of multiple quadrotors in highly

cluttered environmentswith static and dynamic obstacles (Figure 7.1). We run experiments using simulated
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Figure 7.1: We implement MRNAV for collision-free multiple quadrotor flight in highly cluttered environ-

ments with static and dynamic obstacles.

quadrotors with motor speed control, and experimentally show that MRNAV’s three modules are required

for effective collision-free and deadlock-free navigation. In order to demonstrate the long term executabil-

ity of our implementation, we run an eight hour wall time (six hour simulation time) long uninterrupted

simulation with static and dynamic obstacles in which eight quadrotors navigate without collisions or

deadlocks.

7.2 System Design & Implementation

Our system design includes long, medium, and short horizon decision making modules integrated to-

gether. We discuss major challenges of multi-robot navigation to justify our design, deployment, and the

algorithmic choices we make later in Section 7.2.3 for flight of multiple quadrotors.
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7.2.1 Major Design Challenges

7.2.1.1 Limited On-board Compute, Memory and Storage

We assume that the on-board memory and storage capabilities of the robots are limited, which prohibits

them from maintaining global environment representation, but they can maintain local environment rep-

resentations. In addition, we assume that the on-board compute capabilities of the robots are also limited.

These prohibit the robots from computing long horizon plans with completeness guarantees on-board.

7.2.1.2 Imperfect Communication

We embrace that the communication systems are inherently imperfect, and sometimes communication can

be lost completely. This necessitates on-board communication-resilient autonomy. Robots should be able

to ensure collision-free operationwithout communicatingwith a centralized system or between each other.

In addition to the collision-free operation, robots should be able to locally resolve deadlocks
∗
, because

communication to the centralized system may not be maintained. Since the robots cannot rely on inter-

robot communication for robot-robot collision avoidance, they need sensing and estimation capabilities to

assess each other’s states.

7.2.1.3 Imperfect Prior Knowledge

In general, it is impossible to know all of the static or dynamic obstacles a priori, except for the use cases in

which the environment is specifically designed or obstacle free. Generally, some static obstacles are known

a priori. Since dynamic obstacles are transitionary, modelling and predicting them offline is unrealistic.

This necessitates on-board decision making autonomy as well as local environment representation build-

ing. On-board collision-free navigation and local deadlock resolution capabilities allow robots to handle

problems stemming from imperfect prior knowledge.

∗

While local deadlock resolution does not have an exact definition as global deadlock resolution, i.e., completeness, we use

the term to refer to the ever-increasing ability of the robots to resolve deadlocks using their on-board decision making modules.

162



7.2.1.4 Imperfect Reference Trajectory Tracking

The control systems of mobile robots are characteristically imperfect, in which local deviations from ref-

erence trajectories are expected, and explicitly accounted for with feedback control. Local deviations can

stem from unmodeled physics, disturbances, state estimation errors, or imperfect system identification.

When the robots deviate from their reference trajectories in an unforeseen amount, safety guarantees the

trajectories satisfy may become invalid. Therefore, providing collision avoidance guarantees during ref-

erence trajectory computation is not enough for collision-free operation, and the control actions executed

by the robot should re-evaluate safety at every control step.

7.2.1.5 Minimal Sensing and Estimation Capabilities

Sensing and estimating the states of entities produces outputs with errors. We consider current positions

and shapes of objects as first order information, such that robots can use inputs from their sensors to esti-

mate these values directly. Higher order derivative estimates can be done by using a numerical estimator,

which increases the error of the estimation. For the reliability of the safety properties, the robots should

need as few higher order derivatives as possible to enforce safety. In general, position and shape sensing

for static objects, and position, velocity and shape sensing for non-static objects is preferred, as these are

minimal representations to describe the current state and the immediate future of these objects.

7.2.1.6 High Reactivity

Behavior prediction becomes a central problem when there are dynamic obstacles. In general, these pre-

dictions are the best real-time estimations of the behaviors, and may fail to describe the medium to long

horizon trajectories of the dynamic obstacles. When dynamic obstacles move unlike their predictions, the

collision-free operation properties may be violated. In such situations, the robots should be able to react

to unforeseen circumstances swiftly for collision-free operation.
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Figure 7.2: System Design. Our system utilizes long, medium, and short horizon decision making mod-

ules to allow collision and deadlock-free operation. The purple boxes are the messages passed between

components, the brown boxes are decision making modules, and the teal box is the controller. The physical

robot parts are denoted with gray boxes, and the abstract perception, localization, mapping, and predic-

tion subsystems are shown as a single white box. Solid lines represent connections on the same machine,

dashed lines represent connections over a communication medium, and cannot be expected to be always

possible, and lastly, squiggly lines represent interactions between components either explicitly through

communication, or implicitly using the fact that robots use the same algorithm. The long horizon decision

making module is centrally deployed, and other components run on-board.

7.2.2 Design

We describe the abstract system design of MRNAV (Figure 7.2), its components, responsibilities assigned

to the components, and their deployment options.

Perception, Localization, Mapping, and Prediction Interfaces. The robots’ on-board perception,

localization, mapping, and prediction systems consume sensor data and the control inputs applied to the

actuators to i) build representations for static and dynamic obstacles and teammates, and ii) estimate the

robot states. Generally, static obstacles aremodeled using their positions and shapes, dynamic obstacles are

modeled using their states, shapes, and possibly future behavior predictions, and teammates are modeled

using their states, shapes, and possibly estimated or communicated future trajectories.
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Long Horizon Navigation Decision Making. An LH-NDM module is deployed on a centralized

computing system, which is responsible for generating desired trajectories. It sends the computed desired

trajectories to the robots through a communication link, which the robots follow as closely as possible

using their on-board decision making system, while ensuring that they remain collision-free, deviating

from the desired trajectories as necessary, but navigating back to them whenever possible. This allows

robots to delegate global navigation decisions to the LH-NDM module, and locally resolve collisions not

accounted for by the desired trajectories in real-time. If reliable communication to the central entity is

possible, robots send their local static obstacle representations to the centralized system, in order for it to

update its global environment representation. Also, the robots send their estimated states to the centralized

system, to allow it to track task progress and re-plan a new desired trajectory if i) a previous navigation task

is completed, and/or ii) a deadlock cannot be resolved locally. The LH-NDM module can be given robot

goal positions explicitly if the navigation system is used by an outside task planner, or it can compute

goal positions itself if it does task planning as well. Desired trajectories can be made dynamically feasible

if desired. The long horizon decision making module runs on-demand, and does not have any real-time

requirements, allowing it to provide completeness and optimality guarantees if desired.

Medium Horizon Navigation Decision Making. Robots employ on-board MH-NDM modules for

medium term collision avoidance and local deadlock resolution. These modules generate reference trajec-

tories in real-time for robots’ controllers’ to track. Dynamic feasibility of the generated reference trajec-

tories is desirable so that the downstream single-robot controller can track them without major trajectory

tracking imperfections, which allows the system to realize the collision avoidance and deadlock resolution

behavior of the MH-NDM. This module uses the desired trajectories as guidance, such that it generates ref-

erence trajectories that are close to the desired trajectories, but allows deviations from them as necessary.

Since the robot canmaintain only the local representation of the environment because of memory and stor-

age limitations, and can reason about a limited horizon during decision making because of the real-time
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operation, the reference trajectories are computed in a receding horizon fashion. The MH-NDM modules

across multiple robots can interact with each other either explicitly through communication, and/or im-

plicitly using the fact that all teammates run the same algorithm to allow inter-robot collision avoidance

and cooperation. The module should not depend on perfect instantaneous communication assumption,

and be robust to communication imperfections.

Short Horizon Navigation Decision Making. The single-robot controller computes control actions

to track the reference trajectories. However, collision avoidance behavior enforced by MH-NDM module

is not enough for safe operation. The reasons are i) medium horizon planners ensure safe operation not for

the full navigation task but for the medium term future and all state-of-the-art medium horizon planners

fail occasionally because the solved problem has no feasibility guarantee, which may cause reference tra-

jectories to be unsafe when they are used for a long duration, and ii) even if the reference trajectories are

dynamically feasible, robots may diverge from them because of state estimation inaccuracies, unmodeled

dynamics, disturbances, or imperfect system identification. In order to allow collision-free operation in

these cases, we utilize the SH-NDM module. This module is a high frequency safety module that takes

control inputs generated by the controller, which we call the desired control inputs, and makes them safe

in a minimally invasive manner, computing safe control inputs that are as close as possible to the de-

sired control inputs, which are subsequently sent to the actuators. SH-NDM modules do not reason about

deadlock-free operation as that responsibility is shared between the LH-NDM and MH-NDM modules. Its

main aim is to ensure that the control inputs sent to the actuators do not result in collisions. Similarly to the

MH-NDM modules, the SH-NDM modules across multiple robots can interact with each other explicitly

or implicitly, and they should not depend on perfect communication assumption to enforce safety.

The system (Figure 7.2) is designed in such a way that desired trajectories computed by the LH-NDM

guide the MH-NDM modules, and the desired control inputs generated to track the reference trajectories

guide the SH-NDM module. The inputs and outputs of on-board safety modules have the same structure,
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which allows removing MH-NDM or SH-NDM modules by connecting their inputs to their outputs, if

the benefits they provide are not needed. In general, i) LH-NDM module should aim to provide desired

trajectories that results in low spatiotemporal deviation of the reference trajectories computed by the MH-

NDM from the desired ones, and ii) the MH-NDMmodule should aim to provide reference trajectories that

results in low spatiotemporal deviation of the robot position from the reference trajectories after executing

the actions generated by the SH-NDMmodule in order for effective navigation. Otherwise, robots will take

a considerably longer time to reach their goal positions, as the lower level decision making modules will

override higher level decisions in order to enforce safety.

7.2.3 Implementation for Quadrotor Flight

We implement our design for quadrotor flight in simulations using the RotorS simulator [32] and the Robot

Operating System (ROS) [89] in C++. RotorS is a plugin for Gazebo [49], and we simulate physics using

the Open Dynamics Engine (ODE)
†
. The quadrotors are controlled via speed commands for each of the

four motors. The implementation details for the quadrotor flight are discuseed in Appendix C.

We use octrees [41] to represent static obstacles. We use position and velocities as the sensed states

of the teammates. Dynamic obstacle positions, velocities, and shapes are sensed by the teammates. Each

object’s shape is modeled as an axis aligned box.

Long Horizon Navigation Decision Making. The LH-NDM module randomly generates goal posi-

tions for the robots, computes shortest paths from robots’ current positions to the goal positions avoiding

only the prior static obstacles, which we set to either the actual map of the environment or an empty map

in the experiments, using A* search and assigns durations to each segment of the computed path. Our

LH-NDM module does not enforce dynamic feasibility, because LH-NDM module does not enforce colli-

sion avoidance against dynamic obstacles or teammates, which requires necessary divergence from desired

†http://ode.org/
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trajectories during execution. When a robot reaches to its goal position, the LH-NDM module randomly

generates a new goal position, and computes a new desired trajectory.

Medium Horizon Navigation Decision Making. We use DREAM (Chapter 6) as the MH-NDM

module. To recap, for static obstacle avoidance, it requires shapes of the obstacles and their existence

probabilities. We provide the static obstacles from the octree to DREAM. We do not implement probabilis-

tic sensing, hence, static obstacles have existence probability 1.0. For dynamic obstacle avoidance, DREAM

requires i) current shapes and positions of the dynamic obstacles, and ii) a probability distribution across

possible behavior models. A behavior model B = (M, I) is a tuple of movement modelM and interac-

tion model I . A movement modelM : R3 → R3
is a function mapping the dynamic obstacle’s position

to its desired velocity, describing the intention of the obstacle. An interaction model I : R12 → R3
is

a function describing the interaction of the dynamic obstacle with teammates, mapping the dynamic ob-

stacle’s position, desired velocity, the ego robot’s position and velocity to the obstacle’s velocity. In the

simulations, each dynamic obstacle is modeled as running its movement model to obtain its velocity, and

running its interaction model against each teammate, and executing the average interaction model outputs

as its velocity. The on-board systems do not have explicit access to the behavior models of the dynamic ob-

stacles, and use on-board probabilistic behavior model estimation instead as explained in Section 6.4.1.2.

The output of the behavior prediction is a set of behavior models Bi,j for each dynamic obstacle i and

probabilities pi,j assigned to them, reflecting that dynamic obstacle i moves according to behavior model

Bi,j with probability pi,j . Necessarily,
∑

j pi,j ≤ 1 holds for all i. For teammate avoidance, DREAM relies

on discretized separating hyperplane trajectories (DSHTs) (Chapter 5), which are the trajectories of sepa-

rating hyperplanes between two moving bodies, discretized at a high frequency. DSHT based constraints

allow the active trajectories of each pair of robots to share a separating hyperplane constraint at all times

under asynchronous planning and communication imperfections as discussed in Section 5.5.3. Robots

prune DSHTs whenever they know another robot has planned successfully. MH-NDM module computes
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hard-margin support vector machine hyperplanes between the ego robot and each other robot at a high

frequency and updates the DSHTs in real-time. Whenever MH-NDM plans successfully, it broadcasts a

message to other robots. If others receive this message, they prune the DSHT between the sender robot

and themselves as explained in Chapters 5 and 6.

Controller and Short Horizon Decision Making. The RotorS simulator accepts angular motor

speed inputs for each of the four propellers of the quadrotor. The forces and moments applied by the

propellers are simulated based on the model of a single propeller near hovering [65, 45]. Our design

(Figure 7.2) necessitates a SH-NDM module that accepts desired control inputs and outputs safe control

inputs in a minimally invasive manner, considering static and dynamic obstacles as well as teammates.

We integrate a quadrotor controller [54] that internally computes desired acceleration commands with

an safety barrier certificates (SBC) based SH-NDM module for double integrator systems [121] allowing

static and dynamic obstacle and cooperative teammate avoidance
‡
. By doing so, we diverge from the

proposed design slightly, because we do not ensure the safety of the final motor speeds, but ensure that

the intermediate accelerations computed by the controllers are safe.

The controller computes a desired body acceleration using a PD controller to track reference trajectory

samples composed of desired position, velocity, and yaw angles. We set desired yaw angles to zero. Then,

the controller computes the desired angular acceleration of the quadrotor in each of the three frame axes

in order to produce the given desired acceleration and yaw. Afterwards, it computes the desired total body

thrust and torques to achieve the desired acceleration and angular accelerations. Next, it computes the

forces that need to be generated by the propellers in order to produce the desired total body thrust and

torques. The conversion of the desired forces tomotor speed commands are done similarly to the simulator.

‡

Some alternatives are Wang, Ames, and Egerstedt [122]’s approach, which makes the reference trajectories safe utilizing

SBCs, andWu and Sreenath [126]’s approach, which computes forces andmoments directly, but does not explicitly model multiple

robots. We use Wang, Ames, and Egerstedt [121]’s approach because it explicitly accounts for multiple robots and has extensive

evaluations
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Figure 7.3: Controller and SH-NDM Module Integration. Safety barrier certificates based SH-NDM

module [121] assumes double integrator dynamics, i.e., that robots can be controlled with acceleration

commands. Since quadrotors cannot be directly controlled with acceleration commands, we augment a

quadrotor controller [54] with SBC by inserting it after desired acceleration computation within the con-

troller. The SH-NDMmodules in different robots interact assuming that all robots run the same algorithm.

We insert the SH-NDM module [121] within the controller after desired body acceleration computation

(Figure 7.3).

7.3 Evaluation

In order to show the efficacy of our design, i) we ablate long, medium, and short horizon decision making

modules and show that all components are required for collision and deadlock-free navigation, and ii) we

run our system in an uninterrupted eight hours wall time (six hours simulation time) long simulation with

static and dynamic obstacles as well as multiple robots without collisions and deadlocks. We also discuss

the limits of our design by increasing the number and speeds of dynamic obstacles until our design is not

effective anymore.

170



7.3.1 Ablation Study

In our ablation study, eight quadrotors navigate in a forest-like or a maze-like environment. The maze-like

environment contains concave regions, in which the robots may stall and deadlock. Dynamic obstacles are

randomly generated. Each dynamic obstacle has an axis aligned box shape with a diagonal length sampled

uniformly in [1.2m, 1.6m]. Movement models generate desired velocities so that the dynamic obstacles

rotate around the line going perpendicular to the x-y plane and goes through the origin. The norm of the

desired velocities are sampled uniformly in [0.25 m
s , 0.35

m
s ] once, i.e., they move with constant speed. In

the ablation study, we do not use interactive dynamic obstacles since the interactions would give some of

the collision avoidance responsibility to the dynamic obstacles, which would make it hard to evaluate the

contributions of decision making modules. All objects exist in a 32× 32× 12m3
box.

We run each experiment for 300 s in simulation time. Each randomly generated goal position by the

LH-NDM module is called a task that should be navigated to. When we ablate the SH-NDM module, we

set safe acceleration to the desired acceleration (Figure 7.3). When we ablate the MH-NDMmodule, we set

reference trajectory to the desired trajectory. When we ablate the LH-NDMmodule, we provide an empty

map as the prior static obstacles, which causes LH-NDM to produce straight lines to the goal positions as

desired trajectories, otherwise we provide the real map to it.

We use four evaluation metrics: i) deadlock rate (Deadl. R.), the ratio of robots that deadlock at the

end of the experiment, ii) collision rate (Coll. R.), the ratio of tasks during which the robot has collided

with an object, iii) completion rate (Comp. R.), the ratio of tasks robots complete without a collision, and

iv) average navigation duration (Avg. N. Dur.), the average duration for robots to complete no-collision

tasks
§
.

§

Deadlock, collision, and completion rates are primary metrics to compare module combinations. The average navigation

duration is a secondary metric and is only meaningful when there are no deadlocks or collisions.

171



(a) Forest with 400 Dyn. Obstacles (b) Forest with No Dyn. Obstacles

(c) Maze with 200 Dyn. Obstacles (d) Maze with No Dyn. Obstacles

Figure 7.4: The environments used in the ablation study. The dynamic obstacles are blue boxes, and static

obstacles are the pillars.
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Table 7.1: Forest environment with 400 dynamic obstacles

Modules Deadl. R. Coll. R. Comp. R. Avg. N. Dur. [s]

SH 0/8 5/132 127/132 13.19
MH 0/8 73/216 143/216 10.52
LH 0/8 246/313 67/246 4.34

MH+SH 0/8 0/148 148/148 15.45
LH+SH 2/8 4/159 155/159 11.93
LH+MH 0/8 102/220 118/220 10.13

LH+MH+SH 0/8 0/158 158/158 14.79

Table 7.2: Forest environment with no dynamic obstacles

Modules Deadl. R. Coll. R. Comp. R. Avg. N. Dur. [s]

SH 6/8 0/158 158/158 11.43
MH 0/8 4/167 163/167 13.93
LH 0/8 37/313 276/313 7.30

MH+SH 0/8 0/157 157/157 13.04
LH+SH 0/8 0/335 335/335 6.99
LH+MH 0/8 3/193 190/193 11.94

LH+MH+SH 0/8 0/185 185/185 12.95

There are four cases we use: i) forest-like environment with 400 dynamic obstacles (Figure 7.4a), or

ii) no dynamic obstacles (Figure 7.4b), and iii) maze-like environment with 200 dynamic obstacles (Fig-

ure 7.4c), or iv) no dynamic obstacles (Figure 7.4d). The results of our experiments are summarized in Ta-

bles 7.1 to 7.4. Module combinations that result in zero deadlock and collision rates are highlighted in the

tables. Recordings can be found in the supplemental videos.

Enforcing safety of each executed action is essential. The SH-NDM module enforces that each

action executed is safe. We observe that this is an essential property for the effectiveness of the design.

All successful combinations contain the SH-NDM module. It i) enables highly reactive collision avoidance

behavior, ii) ensures safety when the MH-NDM fails, and iii) allows arbitrary divergence from the desired

and reference trajectories without giving up safety.

Dynamic obstacles create the need for local deadlock resolution. When there are no dynamic

obstacles, LH+SH module combination is successful in both forest and maze-like environments. Since

there are no dynamic obstacles, desired trajectories generated by the LH-NDMmodule avoid all obstacles.
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Table 7.3: Maze environment with 200 dynamic obstacle

Modules Deadl. R. Coll. R. Comp. R. Avg. N. Dur. [s]

SH 8/8 12/39 27/39 14.84
MH 2/8 49/107 58/107 12.27
LH 0/8 149/286 137/286 6.74

MH+SH 7/8 6/22 16/22 15.21
LH+SH 6/8 2/141 139/141 10.38
LH+MH 0/8 29/183 154/183 12.23

LH+MH+SH 0/8 0/142 142/142 16.20

Table 7.4: Maze environment with no dynamic obstacles

Modules Deadl. R. Coll. R. Comp. R. Avg. N. Dur. [s]

SH 8/8 0/20 20/20 6.19
MH 6/8 16/42 26/42 15.54
LH 0/8 43/287 244/287 7.81

MH+SH 8/8 0/4 4/4 16.46
LH+SH 0/8 0/274 274/274 8.49
LH+MH 0/8 6/145 139/145 15.76

LH+MH+SH 0/8 0/151 151/151 15.44

SH-NDM module is enough to locally resolve collisions between teammates, after which, the robot is able

to navigate back to its desired trajectory.

When dynamic obstacles are added to the environment, LH+SH is not effective anymore because the

desired trajectories do not avoid dynamic obstacles, and hence, dynamic obstacle avoidance responsibility

is given to the SH-NDM module. This causes robots to diverge from their desired trajectories consider-

ably, causing robots to not be able to navigate back to them using only SH-NDM, resulting in deadlocks.

The LH+MH+SH combination is effective in such scenarios, because the MH-NDM allows local deadlock

resolution.

Medium horizon decision making increases navigation duration. If the LH+SH module com-

bination is successful, adding MH-NDM increases the average navigation duration (Tables 7.2 and 7.4),

because, we impose lower dynamic limits on the reference trajectories than the actual dynamic limits of

the quadrotors for the real-time executability during MH-NDM. Otherwise, the planner needs to generate
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Table 7.5: Maze environment with varying number of dynamic obstacles

# Dyn. Deadl. R. Coll. R. Comp. R. Avg. N. Dur. [s]

200 0/8 0/142 142/142 16.20
300 0/8 1/146 145/146 15.88
400 0/8 4/132 128/132 16.97
500 2/8 7/95 88/95 20.54
600 3/8 7/98 91/98 17.89

spatially longer trajectories with the same temporal horizon, which increases the run-time of the algorithm

to achieve a similar collision avoidance performance.

Global deadlock resolution requires global reasoning. In the maze environment, all successful

combinations include LHwhether regardless of dynamic obstacles. This is the case because the robot needs

to reason about long trajectories to navigate in such environments. The system needs to provide global

reasoning capability for global deadlock resolution.

No approach is sufficient by itself and all is required for effectiveness in all cases. None of

LH, MH, or SH-NDMmodules are sufficient for navigating collision and deadlock-free in neither forest nor

maze-like environments by themselves. The LH+MH+SH combination is the only one that allows collision

and deadlock-free navigation in all cases.

7.3.2 Long Term Execution

In order to show the efficacy of our design, we run our system with LH+MH+SH module combination

in an eight hours long wall time (six hours long simulation time) simulation without any collisions and

deadlocks. The environment is forest-like and contains 300 randomly generated dynamic obstacles in

which eight quadrotors navigate. The recording be found in the long term execution supplemental video.

7.3.3 Increasing the Number and Speeds of Dynamic Obstacles

As the environment hardness increases, it becomes more difficult for robots to ensure collision and dead-

lock avoidance. To evaluate the performance of our approach as the environment hardness increases, we
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Table 7.6: Maze environment with 200 dynamic obstacles with varying sampling ranges of desired speeds

D. Spd. Rng. [
m
s ] Deadl. R. Coll. R. Comp. R. Avg. N. Dur. [s]

[0.25, 0.35] 0/8 0/142 142/142 16.20
[0.5, 0.7] 0/8 1/148 148/148 15.16
[1.0, 1.4] 0/8 8/152 144/152 14.54
[2.0, 2.8] 3/8 19/71 52/72 17.14
[4.0, 5.6] 7/8 10/12 2/12 24.08

(a) Maze-like Environment with 200 Dynamic Obsta-

cles

(b) Maze-like Environment with 400 Dynamic Obsta-

cles

(c) Maze-like Environment with 500 Dynamic Obsta-

cles

(d) Maze-like Environment with 600 Dynamic Obsta-

cles

Figure 7.5: The environments used in the environment hardness study with number of dynamic obstacles.

The dynamic obstacles are blue boxes, and static obstacles are the pillars.
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use the maze environment used in the ablation study, and i) increase the number of dynamic obstacles and

ii) increase the desired speeds of the dynamic obstacles. Similarly to the ablation study, we run the simu-

lations for 300 s. All of the parameters are same as the ablation study except for the number of dynamic

obstacles and desired speeds. The robots navigate with LH+MH+SH module combination.

We increase the number of dynamic obstacles from 200 to 600 (Figure 7.5). The effects of the number

of dynamic obstacles are given in Table 7.5. In general, as the number of dynamic obstacles increases,

deadlock and collision rates increase and completion rate as well as number of completed tasks decrease.

In the maze environment with 200 dynamic obstacles, we increase the limits of desired speed sampling

ranges. The effects of increasing desired speeds are given in Table 7.6. The performance of the navigation

system decreases considerably as the speed sampling ranges increase. For instance, when the desired

speeds of dynamic obstacles are sampled in range [4.0 m
s , 5.6

m
s ], 7 out of 8 robots deadlock, and only 2

tasks are completed without collisions.

We attribute the performance decrease with increased environment hardness to four reasons. First, ca-

pabilities of medium and short horizon decisionmakingmodules for deadlock and collision resolution limit

the performance of the system. As the number or speeds of dynamic obstacles increase, the robots diverge

more and more from their desired trajectories in order to avoid collisions, which causes robots to deadlock

when they cannot locally resolve them. In addition, the short horizon decision making module assumes

dynamic obstacles move with their current velocities for the immediate future, which is an approxima-

tion of the reality. As the environment gets more dense, this approximation results in infeasibilities in the

short horizon decision making module. Second, dynamic limits of the quadrotors limits the capabilities

of the robots fundamentally. When a dynamic obstacle moves towards a quadrotor at a speed such that

quadrotor cannot avoid it in a dynamically feasible manner, collisions are inevitable. Third, the divergence

from our design when integrating the short horizon decision making module to the system (Figure 7.3)

is another point of approximation. Since the safe acceleration computed by the short horizon module is
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Table 7.7: Maze environment with 200 dynamic obstacles with different levels of interactivity (repulsion

strength)

R. Strength Deadl. R. Coll. R. Comp. R. Avg. N. Dur. [s]

0.0 0/8 8/152 144/152 14.54
0.25 0/8 5/120 115/120 15.95
0.5 0/8 3/128 125/128 15.58
0.75 0/8 4/138 134/138 16.26
1.5 0/8 1/147 146/147 15.79
3.0 0/8 0/152 152/152 15.11

used to compute the final control inputs, which is a process that attempts to produce the safe acceleration,

safety enforced by the short horizon decision making module is approximately obeyed by the rest of the

controller. As the number or speeds of the dynamic obstacles increase, robots’ safe accelerations change

more abruptly, causing the rest of the controller to have increased error. Forth, non-interactivity of the

dynamic obstacles burdens the full collision avoidance responsibility to the quadrotors. As the number or

speeds of the dynamic obstacles increase, it becomes more difficult for the quadrotors to avoid collisions.

Sometimes, the quadrotors end up in states in which they are cornered by the dynamic obstacles, and there

is no feasible way of avoiding collisions.

In order to show how interactivity of dynamic obstacles help, we set the interaction models of the dy-

namic obstacles to the repulsivemodels as explained in Section 6.4.1.2, which repulse the dynamic obstacles

away from the robots. Repulsive interaction model has a repulsion strength parameter. As the repulsion

strength increases the dynamic obstacles are repulsedmore andmore. We use the dynamic obstacle desired

speed experiment with desired speed range [1.0 m
s , 1.4

m
s ] and gradually increase the repulsion strength

of the dynamic obstacles. The results are shown in Table 7.7. As the repulsion strength increases, collision

rate decreases to 0.
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7.4 Conclusion

In this chapter, we proposeMRNAV, amulti-robot aware planning and control stack design for collision and

deadlock-free navigation in cluttered environments with static and dynamic obstacles. Our design utilizes

three qualitatively different decision making modules. We assign responsibilities to the decision making

modules, arguing that they complement each other. MRNAV is the first hierarchical approach combining

these three qualilatively different decision making modules. We define the abstractions we require for the

interfaces to the perception, localization, mapping, and prediction subsystems. We implement our design

for simulated multi-quadrotor flight, and discuss our algorithm choices and integration of the modules

to the simulation environment. In our evaluations, we show that all three decision making modules are

required for effective navigation in diverse types of environments. We show the long-term executability

of our approach in an eight hour uninterrupted run without collisions or deadlocks.
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Chapter 8

Conclusions & Future Directions

8.1 Conclusions

Collision-free (multi-)robot navigation in cluttered environments is a fundamental enabler for many real-

world applications. The environments may contain static obstacles as well as dynamic obstacles that can

optionally be interactive. In this dissertation, we improve the state-of-the-art in decentralized real-time

multi-robot planning in Chapters 4 to 6 and introduce the context such a decentralized planner can be used

to enable effective navigation in Chapter 7.

The wide real-life applicability of the developed methods is the main central concern of ours. To that

end, we i) embrace on-board compute, memory and storage limitations, ii) do not rely on communication

for safe operation and explicitly account for communication imperfections, iii) develop algorithms that can

work with imperfect a priori knowledge, iv) ensure dynamic feasibility of the plans and embrace controller

imperfections, v) work with minimal sensing and estimation capabilities, and v) provide highly reactive

collision avoidance behavior.

In Chapter 4, we introduce RLSS, a real-time decentralized multi-robot trajectory planning algorithm

for static obstacle and teammate avoidance, that does not rely on communication and uses position/shape

only sensing, forming the basis of the future algorithms. In Chapter 5, we introduce a constraint generation,
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overconstraining, and constraint-discarding scheme to allow inter-robot collision avoidance under asyn-

chronous planning, which is inherent in decentralized approaches. In Chapter 6, we introduce DREAM,

a real-time decentralized multi-robot trajectory planning algorithm for static and interactive dynamic ob-

stacle as well as teammate avoidance under asynchronous planning, imperfect static obstacle sensing,

imperfect dynamic obstacle prediction, and imperfect communication. DREAM draws inspiration from

RLSS and our constraint generation method, and introduces new concepts for interactive dynamic obstacle

avoidance. In Chapter 7, we introduce MRNAV, a full planning and control stack to allow multi-robot nav-

igation in diverse types of environments. MRNAV combines three qualitatively different decision making

approaches, i.e., long, medium, and short horizon, to allow highly successful collision-free and deadlock-

free operation. We use DREAM as the medium horizon decision making module in MRNAV, and show

that when it is combined with long and short horizon methods, the system is highly effective. We verify

our algorithms in simulations with or without physics, and on real robots to show their success as well as

real-word applicability.

8.2 Future Directions

The algorithms and approaches we introduce can be improved in several directions.

• Worst-case dynamic obstacle behavior. DREAM (Chapter 6) allows multiple behavior models for

each dynamic obstacle. However, dynamic obstacles may move outside of these predictions. While

artificial inflation of shapes can be used to tackled this inaccuracy, a more principled approach would

be to utilize a reachability based approach during decision making. The output of the prediction sys-

tem can be a set of behavior models as explained Chapter 6 as well as a reachability based residual

model with appropriate realization probabilities. During decision making, probabilities can be com-

puted using the regular behavior models as well as the residual model.
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• Uncertainty of the state transition. DREAM (Chapter 6) does not model uncertainty associated

with state transition of the ego robot. Using state transition uncertainties of velocity commands dur-

ing discrete search would allow a more general framework to allow probabilistic collision avoidance.

Preserving such collision probabilities during trajectory optimization is another avenue for future

work.

• Dynamic obstacle interactivity during short horizon decisionmaking. In the implementation

of MRNAV (Chapter 7), we use Wang, Ames, and Egerstedt [121]’s safety barrier certificate based

approach, which models dynamic obstacles as constant velocity objects. Explicitly modeling inter-

activity of dynamic obstacles under multiple behavior models during SH-NDM would increase the

accuracy of the approach, and decrease the conservativeness that is required to account for unmod-

eled interactivity.

• Full stack integration. MRNAV (Chapter 7) is a planning and control stack, and we define the

interfaces to other subsystems that might exist in a full navigation system. During experiments, we

mock the behavior of these systems. Integration perception, prediction, mapping, and localization

subsystems to MRNAV would allow a better understanding of its performance under real-world

conditions.

• Communicating plans explicitly. In its latest form, DREAM (Chapter 6) utilizes communication

only to prune discretized separating hyperplane trajectories. However, robots could use communi-

cation to share their plans as well as the durations up to which they will commit to them. Combining

DSHTs for uncommitted time intervals with communicated plans for committed time intervals could

help decrease the conservativeness of DSHTs.
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Appendices

A Sweep of a Convex Shape Along a Line Segment is Convex

Lemma 5. LetR(x) = {x}⊕R0 be the Minkowski sum of {x} ∈ Rd andR0 ⊆ Rd, and letR0 be a convex

set. Let p(t) = a + t(b − a) where t ∈ [0, 1] be the line segment from a ∈ Rd to b ∈ Rd. Then, the swept

volume ofR along p(t) is convex.

Proof. The swept volume ζ of R from a to b can be defined as ζ = ∪1t=0R(p(t)) = ∪1t=0{p(t)} ⊕ R0.

Choose two points q1,q2 ∈ ζ . ∃t1 ∈ [0, 1]∃q̃1 ∈ R0 q1 = p(t1) + q̃1 and ∃t2 ∈ [0, 1]∃q̃2 ∈ R0 q2 =

p(t2)+q̃2. Let q
′ = (1−t′)q1+t′q2 be a point on the line segment connecting q1 and q2 where t

′ ∈ [0, 1].

q′ = (1− t′)(p(t1) + q̃1) + t′(p(t2) + q̃2)

= (1− t′)(a+ t1(b− a) + q̃1)

+ t′(a+ t2(b− a) + q̃2)

= (1− t′)q̃1 + t′q̃2

+ a+ (t1(1− t′) + t2t
′)(b− a)

(t1(1− t′) + t2t
′) ∈ [0, 1] because it is a convex combination of t1, t2 ∈ [0, 1]. Therefore a+ (t1(1− t′) +

t2t
′)(b− a) ∈ p(t). Also, (1− t′)q̃1 + t′q̃2 ∈ R0, because it is a convex combination of q̃1, q̃2 ∈ R0 and

R0 is convex. Therefore, q
′ ∈ ζ since ∃t ∈ [0, 1] q′ ∈ {p(t)} ⊕R0. Hence, ζ is convex.
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B Ordered Constraint Generation for Low Number of Constraints in

DREAM

We introduce an ordered constraint generation scheme that allows us to decrease the number of colli-

sion avoidance constraints against static and dynamic obstacles from thousands to less than ten for each

piece during trajectory optimization in obstacle-rich environments in DREAM (Chapter 6), while also still

preserving interpolated collision probabilities Ps and Pd.

Let Hl be the set of hyperplanes constraining lth piece fi,l. We initialize it to H̃active
i \ xl+1.H if

xl.t < T team
i and ∅ otherwise.

Let Al be the set of all regions (composed of regions occupied by static obstacles and regions swept

by dynamic obstacles) that lth segment from xl.p to xl+1.p avoids, i.e., ζroboti,l ∩ A = ∅ ∀A ∈ Al. We add

constraints to avoid elements of Al during trajectory optimization.

Instead of computing separating hyperplanes between ζroboti,l and each element ofAl and using them as

constraints, we compute separating hyperplanes in an ordered fashion from closest element to the farthest

element inAl to ζ
robot
i,l and adding them toHl, skipping the element if it is already avoided by the previous

hyperplanesHl. This allows us to avoid the elements ofAl with significantly lesser number of constraints

as shown in Figure 8.1.

C ImplementationDetails of theMulti-robotAwarePlanning andControl

Stack (MRNAV)

The ROS nodes, topics, and their connections are shown in Figure 8.2. The nodes and topics in the green

boxes are repeated for each robot, and executed within individual robot ROS namespaces.
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Figure 8.1: In order to decrease the number of constraints for static and dynamic obstacle avoidance, we

utilize an ordered constraint generation method. First, we sort regions to avoid according to their distance

to ζroboti,l . Then, for each element in to sorted list, we check whether it is avoided by the constraints

computed so far, and compute the hyperplane constraint as described in Section 6.3.4.1 if not. In the

figure, we first compute the separating hyperplane against the region A swept by a dynamic obstacle,

which already allows avoidance of all regions below A. Then, we compute the separating hyperplane

against static obstacle B. The hyperplane avoids all regions above B. Therefore, two computed constraints

are enough to avoid all obstacles, compared to 30 that would be required without the ordered constraint

generation method.
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Figure 8.2: Implemented System. The ROS nodes (blue), topics (purple), and their connections in our

implementation of the stack for quadrotor flight are shown. The nodes and topics in the green boxes are

repeated for each robot. The connections that would exist in a full system, i.e., the system with perception,

mapping, and localization subsystems, are shown with solid lines. The connections that could optionally

exist but are not necessary in the full system are shown with dashed lines. The connections, nodes, and

topics that would not exist in the full system and are introduced to mock sensing, estimation, or simulation

related procedures are shown with dotted lines.

C.1 Mocking State Estimation and Teammate Sensing

We use position and velocities to describe the states of the robots, which is required by the on-board deci-

sion making modules. To mock on-board state estimation, we use the ground truth position and velocity

of the robot from Gazebo (gazebo node), and provide it to the on-board modules via the odometry topic.

Each quadrotor’s shape is modeled as an axis aligned box, which is provided to all on-board nodes as a

ROS parameter. Each robot broadcasts its state and shape whenever it receives a new odometry message

via shape_state_broadcaster node to the global /teammate_shapes_and_states topic. Each robot has a

passthrough_object_tracker node that mocks object perception, classification, and mapping by relaying

global information to the local nodes. For teammate sensing, it connects to the global

/teammate_shapes_and_states topic, and relays shapes and states of all teammates (except itself) to

teammate_shapes_and_states topic.
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C.2 SimulatingDynamicObstacles,MockingDynamicObstacle Sensing, andPredicting

Dynamic Obstacle Behaviors

Each dynamic obstacle’s behavior is simulated using a behavior model, and its shape is an axis aligned box.

The dynamic_obstacle_simulator node simulates the movement of dynamic obstacles in the environment,

obtaining position and velocities of the teammates from the /teammate_shapes_and_states topic, which

it uses to execute the interaction models. It outputs the shapes and states of dynamic obstacles, which in-

volves their positions and velocities, at high frequency to the global /dynamic_obstacle_shapes_and_states

topic. The passthrough_object_tracker receives messages from /dynamic_obstacle_shapes_and_states ,

and relays them to dynamic_obstacle_shapes_and_states , simulating perfect dynamic obstacle shape sens-

ing and state estimation.

The on-board systems do not have explicit access to the behavior models of the dynamic obstacles, but

run on-board probabilistic behavior model estimation in dynamic_obstacle_behavior_predictor , by run-

ning the behavior prediction algorithms described in Section 6.4.1.2. The output of the behavior prediction

is a set of behavior models Bi,j for each dynamic obstacle i and probabilities pi,j assigned to them, reflect-

ing that dynamic obstacle i moves according to behavior model Bi,j with probability pi,j . Necessarily,∑
j pi,j ≤ 1 holds for all i. In terms of the interaction model, on-board behavior predictor only predicts

dynamic obstacle’s interaction with the ego robot, and does not consider multi-robot interactions. Hence,

it is necessarily inaccurate when describing dynamic obstacle behaviors stemming from interactions with

multiple robots. The inputs of the behavior predictor are states of the ego robot and states of dynamic ob-

stacles, which it receives from odometry and dynamic_obstacle_shapes_and_states topics, respectively.

The behavior model predictions are published to dynamic_obstacle_predictions topic.
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C.3 Mocking Static Obstacle Sensing

We use octrees from the octomap [41] library to represent static obstacles, which allow for fast neighbor-

hood occupancy queries. In order to model potential imperfect prior static obstacle information, there are

two octomap servers: real_octomap_server and prior_octomap_server . real_octomap_server provides

the real static obstacles in the environment to the on-board modules, through the global

/real_static_obstacles topic. The on-board passthrough_object_tracker node relays these obstacles to the

static_obstacles topic. We do not mock local sensing static obstacles within passthrough_object_tracker ,

but we mock it by using static obstacles up to certain distance during on-board decision making.

prior_octomap_server provides static obstacles known a priori to the navigation, which may be different

than the real static obstacles, to /prior_static_obstacles topic, which is used by the long_horizon_planner

node only. During experiments, we do not relay local static obstacles obtained from /real_static_obstacles

to the long_horizon_planner in order to show the performance of the system when a realiable connection

to the centralized system cannot be maintained.

C.4 Long Horizon Decision Making

The long horizon decision making module, i.e., the long_horizon_planner node, randomly generates goal

positions for the robots in the environment, computes shortest paths from robots’ current positions to the

goal positions avoiding only the static obstacles using A* search and assigns durations to each segment of

the computed path. The computed paths are used as desired trajectories and provided to desired_trajectory

topics of robots. During decision making, it does not enforce dynamic feasibility, and enforces collision

avoidance against only the prior static obstacles, which it obtains from /prior_static_obstacles topic. We

choose not to enforce dynamic feasibility during long horizon decision making because i) long horizon

decision making module does not enforce collision avoidance against dynamic obstacles or teammates,

which requires necessary divergence from desired trajectories during execution, and ii) quadrotors are
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agile systems, which allows them to navigate back to their desired trajectories easily when possible. When

a robot reaches to its goal position, the long horizon decision making module randomly generates a new

goal position, and computes a new desired trajectory for the robot. To know the existence of and track the

progress of robots, it subscribes to /teammate_shapes_and_states topic.

C.5 Medium Horizon Decision Making

We use DREAM (Chapter 6) as the medium horizon decision making module, implemented within the

medium_horizon_planner node. To recap, DREAM is decentralized real-time trajectory planning algo-

rithm for multi-robot teams, computing reference trajectories that avoids static obstacles, interactive or

non-interactive dynamic obstacles, as well as teammates.

For static obstacle avoidance, it requires shapes of the obstacles and their existence probabilities. Since

we do not implement probabilistic sensing, we provide static obstacles obtained from static_obstacles with

existence probabilities 1.0 to the medium horizon planner.

For dynamic obstacle avoidance, i) it requires a probability distribution across possible behavior mod-

els, which are provided via dynamic_obstacle_predictions topic by dynamic_obstacle_behavior_predictor

node, and ii) current shapes and positions of the dynamic obstacles, which is provided via the

dynamic_obstacle_shapes_and_states topic by the passthrough_object_tracker node.

For teammate avoidance, it relies on discretized separating hyperplane trajectories (DSHTs) (Chap-

ter 5), which is a constraint generation method that allows the active trajectories of each pair of robots to

share a separating hyperplane constraint at all times under asynchronous planning and communication

imperfections. DSHTs require computing separating hyperplanes between the ego robot and other robots

at a high frequency and pruning separating hyperplane trajectories whenever the ego robot knows another

robot has planned successfully. The separating_hyperplane_computer node computes hard-margin sup-

port vector machine [19] hyperplanes between the ego robot and each other robot in the environment at
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a high frequency, and outputs the computed hyperplanes to separating_hyperplanes topic. It obtains ego

robot’s state from the odometry topic, and the states of teammates from teammate_shapes_and_states .

The medium_horizon_planner constructs DSHTs for each other robot in the environment using the com-

puted separating hyperplanes. Whenever medium_horizon_planner node plans successfully, it broad-

casts that it planned successfully on a planning iteration that started in a specific time via the global

/identified_planning_signals topic. Whenever medium_horizon_planner nodes in other robots receive

the message, they prune their DSHTs against the sender robot as explained in Chapters 5 and 6.

DREAM employs widely a used [99, 114, 50, 58, 94, 17, 33] goal selection, discrete search, and tra-

jectory optimization pipeline. The trajectories generated by the long_horizon_planner are fed to the

medium_horizon_planner as desired trajectories over the desired_trajectory topic. In each planning it-

eration, goal selection step chooses a goal position on the desired trajectory to plan to. In the discrete

search stage, DREAM computes a spatiotemporal path to the selected goal position byminimizing collision

probabilities against static obstacles, dynamic obstacles, as well as DSHT violations. In the trajectory op-

timization stage, quadratic programming based spline optimization is executing, smoothing the computed

discrete spatiotemporal path while preserving collision probabilities computed and DSHT hyperplanes not

violated during search. The dynamic feasibility of the trajectories are accounted for by enforcing desired

continuity and maximum derivative magnitudes of the trajectories, which are sufficient to ensure dynamic

feasibility of the trajectories for differentially flat systems [69], which quadrotors are. The generated tra-

jectories are published to the reference_trajectory topic. If a planning iteration fails, the robot continues

using the latest reference trajectory that is successfully computed.

C.5.1 Environment Projection

One important consideration for medium horizon decision making is its relative low replanning frequency.

Since it typically runs in 1Hz to 10Hz, it takes 0.1 s to 1 s until the robot produces a plan, during which
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the robot continues moving. Hence, when planning starts at robot’s and environment’s current states, by

the time planning ends, the ego robot might have moved substantially and the environment might have

already changed.

This requires projecting the environment to the future, and starting planning from a future predicted

state of the environment. The projection duration should at least be the re-planning period of the medium

horizon planner. We project the environment to the future by i) projecting the initial state of the ego

robot that is used by the planner, and ii) projecting the current positions of dynamic obstacles for each of

their behavior models. We do not project the teammate states to the future, because mutually computable

separating hyperplane based constraints enforce teammate safety without requiring projection (Chapters 5

and 6).

To project the state of the ego robot, we employ open-loop and close-loop projection. If the robot’s cur-

rent position is within a predefined distance of the expected position on the previously planned reference

trajectory at the current time point, we use open-loop projection, in which the robot’s initial state is set to

the state on the previously planned reference trajectory that is projection duration away from the current

time point. If the robot is not within the predefined distance of the expected position on the previously

planned trajectory, i.e., it diverged from its reference trajectory, we project its position to the future by

assuming it moves with its current velocity for projection duration, which closes the loop between state

estimation and planning. We prefer to have open-loop projection because close-loop projection fails to ac-

curately describe the future state of the robot as the robot does not move with constant velocity in reality,

which causes non-smooth movement while switching reference trajectories.

The tuple of behavior model current position pairs (Bi,j , pdyn
i ) of dynamic obstacle i with probabil-

ities pi,j describe the behavior modes of the dynamic obstacle. We project each behavior mode by run-

ning the movement and the interaction models, and setting the initial position of the mode to pproj
i,j =

pdyn
i + Ii,j(pdyn

i ,M(pdyn
i ),p,v)tproj where p and v are the current position and velocity of the ego
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robot respectively, and tproj is the projection duration, and provide (Bi,j ,pproj
i,j ) with probabilities pi,j as

behavior modes to the planning algorithm.

C.5.2 Commanding

While the medium horizon planner is configured to run at a fixed frequency, it may take longer or shorter

than the projection duration to complete a planning iteration as there is generally no completion time

guarantee for a planning iteration. If a planning iteration takes longer than the projection duration, we

discard the generated trajectory as the robot might have moved considerably away from the start state of

the newly generated trajectory and the environment may have changed substiantially. In that case, the

robot continues following its previous reference trajectory. If a planning iteration takes shorter than the

projection duration, the newly generated trajectory should not be activated until the projection duration

is elapsed. The commander node manages the activation logic. Each generated trajectory is associated

with an activation time point and published to reference_trajectory topic. The commander subscribes to

the reference_trajectory , and creates a timer for each of the trajectories, and activates them in order. The

activated trajectories are published to active_reference_trajectory topic for safe_controller to track.

C.6 Controller and Short Horizon Decision Making

RotorS simulator accepts angular motor speed inputs for each of the four propellers of the quadrotor. The

forces and moments applied by the propellers are simulated based on the model of a single propeller near

hovering [65], which in turn are based on classical blade element theory [45] as mentioned in Martin and

Salaün [65]’s work. The forces and moments applied by the propellers are quadratically related to the

motor speeds. The simulator also models rotor drag while computing forces. Gravity is applied externally

to the quadrotors by Gazebo.
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Our design (Figure 7.2) necessitates a short horizon decision making module that accepts desired con-

trol inputs and outputs safe control inputs in a minimally invasive manner, considering static and dynamic

obstacles as well as teammates. We propose integrating a quadrotor controller [54] that internally com-

putes desired acceleration commands with a short horizon decision making module for double-integrator

systems [121] allowing static and dynamic obstacle and teammate avoidance. By doing so, we diverge

from the exact design, because we do not make final motor speeds safe, but ensure that the intermediate

desired accelerations computed by the controller are safe. The augmented controller is implemented in

the safe_controller node. It receives active reference trajectories from active_reference_trajectory , and

provides samples of it to the safe control algorithm as desired states.

The controller computes a desired body acceleration using a PD controller to track reference trajectory

samples, which involve desired position and velocity. We set the desired yaw of the quadrotors to zero.

Then, controller computes the desired angular acceleration of the quadrotor in each of the three frame

axes in order to produce the given desired acceleration and yaw. Then, it computes the desired total body

thrust and torques to achieve desired acceleration and angular accelerations. Next, it computes the forces

that need to be generated by the propellers in order to produce the desired total body thrust and torques.

The conversion of the desired forces to motor speed commands are done assuming a quadratic relation,

similarly to the simulator.

The short horizon decision making module [121] accepts desired accelerations, and makes them safe in

aminimally invasivemanner. We plug this decisionmakingmodulewithin the controller after desired body

acceleration computation. The static obstacles are modeled using their positions and radii, which are ob-

tained and computed from static_obstacles topic. The dynamic obstacles aremodeled using their positions,

current velocities and radii, which are obtained and computed from dynamic_obstacle_shapes_and_states

topic. The decision making module assumes that the dynamic obstacles move with constant velocities.

This is not the case in general, but is a good approximation for the immediate future of the environment.
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Since the safe controller runs at a high frequency, e.g., 50Hz − 100Hz, we find that this approximation

is effective. The teammates are modeled using their positions, velocities, and radii, which are obtained

and computed from teammate_shapes_and_states topic. In addition to these, SBC requires i) maximum

dynamically feasible acceleration for the ego robot, and ii) a lower bound on maximum accelerations of the

teammates. We use the maximum acceleration for the ego robot as the lower bound of maximum accel-

erations of the teammates, since the team is homogeneous. For heterogeneous robot teams, acceleration

estimation of the teammates can be added, from which the lower bounds on maximum accelerations can

be tightened.

The computed motor commands are published to motor_speeds topic, which the gazebo node sub-

scribes to and simulates the quadrotor flight.
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